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COSETS OF AFFINE VERTEX ALGEBRAS INSIDE LARGER STRUCTURES
THOMAS CREUTZIG AND ANDREW R. LINSHAW
ABSTRACT. Given a finite-dimensional reductive Lie algebra g equipped with a nonde-
generate, invariant, symmetric bilinear form B, let V k(g, B) denote the universal affine
vertex algebra associated to g and B at level k. Let Ak be a vertex (super)algebra ad-
mitting a homomorphism V k(g, B) → Ak. Under some technical conditions on Ak, we
characterize the coset Com(V k(g, B),Ak) for generic values of k. We establish the strong
finite generation of this coset in full generality in the following cases: Ak = V k(g′, B′),
Ak = V k−l(g′, B′) ⊗ F , and Ak = V k−l(g′, B′) ⊗ V l(g′′, B′′). Here g′ and g′′ are finite-
dimensional Lie (super)algebras containing g, equipped with nondegenerate, invariant,
(super)symmetric bilinear forms B′ and B′′ which extend B, l ∈ C is fixed, and F is a free
field algebra admitting a homomorphism V l(g, B) → F . Our approach is essentially con-
structive and leads to minimal strong finite generating sets for many interesting examples.
As an application, we give a new proof of the rationality of the simple N = 2 superconfor-
mal algebra with c = 3k
k+2
for all positive integers k.
1. INTRODUCTION
Vertex algebras are a fundamental class of algebraic structures that arose out of confor-
mal field theory and have applications in a diverse range of subjects. The coset or com-
mutant construction is a standard way to construct new vertex algebras from old ones.
Given a vertex algebra V and a subalgebra A ⊆ V , Com(A,V) is the subalgebra of V
which commutes with A. This was introduced by Frenkel and Zhu in [FZ], generalizing
earlier constructions in representation theory [KP] and physics [GKO], where it was used
to construct the unitary discrete series representations of the Virasoro algebra. Many ex-
amples have been studied in both the physics and mathematics literature; for a partial
list see [AP, B-H, BFH, DJX, DLY, HLY, JLI, JLII]. Although it is widely believed that
Com(A,V) will inherit properties of A and V such as rationality and C2-cofiniteness, no
general results of this kind are known.
Many interesting vertex algebras are known or expected to have coset realizations. For
example, given a simple, finite-dimensional Lie algebra g, let Lk(g) denote the rational
affine vertex algebra of g at positive integer level k. There is a diagonal map Lk(g) →
Lk−1(g) ⊗ L1(g), and a well-known conjecture [BBSSII, FL] asserts that when g is simply
laced,
(1.1) Com(Lk(g), Lk−1(g)⊗ L1(g))
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coincides with a simple rationalW-algebra of type g given by the Drinfeld-Sokolov reduc-
tion associated to the principal embedding of sl2 in g [FF, FKW]. The rationality of these
W-algebras was proven by Arakawa in [Ara], and this conjecture was recently proven
in full generality in a joint work with Arakawa [ACL]. Another interesting family is the
coset
(1.2) Com(Lk(gln), Lk−1(sln+1)⊗ E(n)).
In this notation, Lk(gln) = H(1)⊗ Lk(sln)where H(1) is the rank one Heisenberg algebra,
and E(n) is the rank n bc-system, which admits an action of L1(sln). This is conjectured [I]
to be a rational superW-algebra of sl(n+ 1|n), which in the case n = 1 coincides with the
N = 2 superconformal algebra.
We propose that in order to study such discrete series of cosets in a uniformmanner, we
should first consider the corresponding cosets of the universal affine vertex algebra V k(g)
of g at level k. For example, to study the cosets (1.1), one should begin by studying
(1.3) Com(V k(g), V k−1(g)⊗ L1(g)).
It was shown in [ACL] that (1.3) coincides with the universalW-algebra of g for generic
values of k. This statement implies that (1.1) is isomorphic to a simpleW-algebra of type
g not only for positive integer values of k, but for all admissible values as well. This was
originally conjectured by Kac and Wakimoto in [KWII]. Similarly, it is expected that
(1.4) Com(V k(gln), V
k−1(sln+1)⊗ E(n)),
coincides generically with the universalW-algebra of sl(n + 1|n).
In general, a strong generating set for the universal coset often descends to a strong
generating set for the coset of interest. By a strong generating set for a vertex algebra A,
we mean a subset S ⊆ A such that A is spanned by the normally ordered monomials in
the elements of S and their derivatives. Finding a strong generating set is an important
step for studying the representation theory of A and establishing properties such as C2-
cofiniteness and rationality. A class of examples for which this approach has been fruitful
is the parafermion algebras. Given a simple Lie algebra g of rank d and a positive integer
k, the parafermion algebra Nk(g) is the coset Com(H(d), Lk(g)), where H(d) is the rank
d Heisenberg algebra corresponding to the Cartan subalgebra of g. The C2-cofiniteness
of Nk(g) was recently proven in [ALY] and the rationality was proven in [DR], using
results of [DWI, DWII, DWIII]. A key ingredient in proving these important theorems
was the explicit strong generating set for the universal parafermion algebra of sl2, namely
Com(H(1), V k(sl2)), which was achieved in [DLY, DLWY].
Let g be a finite-dimensional, reductive Lie algebra (i.e., a direct sum of simple and
abelian Lie algebras), equippedwith a nondegenerate, symmetric, invariant bilinear form
B. We denote by V k(g, B) the universal affine vertex algebra of g at level k, relative to
B. In this paper, we shall study cosets of V k(g, B) inside a general class of vertex al-
gebras Ak whose structure constants depend continuously on k. The goal in studying
Com(V k(g, B),Ak) is to understand the behavior of Com(Lk(g, B),Ak), where Ak and
Lk(g, B) denote the simple quotients of Ak and V k(g, B), respectively. In particular, we
are interested in special values of k for which Lk(g, B) is rational or admissible. The main
examples we have in mind are the following.
(1) Ak = V k(g′, B′) where g′ is a finite-dimensional Lie (super)algebra containing g, and
B′ is a nondegenerate, invariant (super)symmetric bilinear form on g′ extending B.
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(2) Ak = V k−l(g′, B′) ⊗ F where F is a free field algebra admitting a homomorphism
V l(g, B) → F for some fixed l ∈ C satisfying some mild restrictions. By a free field
algebra, we mean any vertex algebra obtained as a tensor product of a Heisenberg
algebraH(n), a free fermion algebra F(n), a βγ-system S(n) or a symplectic fermion
algebra A(n).
(3) Ak = V k−l(g′, B′)⊗V l(g′′, B′′). Here g′′ is another finite-dimensional Lie (super)algebra
containing g, equipped with a nondegenerate, invariant, (super)symmetric bilinear
form B′′ extending B. If V l(g′′, B′′) is not simple, we may replace V l(g′′, B′′) with its
quotient by any ideal; of particular interest is Ll(g
′′, B′′).
In Section 6, we will prove in full generality that Com(V k(g, B),Ak) is strongly finitely
generated in cases (1) and (2) above for generic values of k, and in case (3) when Ak =
V k−l(g′, B′)⊗ V l(g′′, B′′), and both k and l are generic. We will also prove this when Ak =
V k−l(g′, B′)⊗ Ll(g′′, B′′) for certain nongeneric values of l in some interesting examples.
These are the first general results on the structure of cosets, and our proof is essentially
constructive. The key ingredient is a notion of deformable family of vertex algebras that
was introduced by the authors in [CLI]. A deformable family B is a vertex algebra defined
over a certain ring of rational functions in a formal variable κ, and B∞ = limκ→∞ B has a
well-defined vertex algebra structure. This notion fits into the framework of vertex rings
introduced by Mason [M], and it is useful because a strong generating set for B∞ gives
rise to a strong generating set for B with the same cardinality. In the above examples,
Com(V k(g, B),Ak) is a quotient of a deformable family C, and a strong generating set for
C gives rise to a strong generating set for Com(V k(g, B),Ak) for generic values of k. We
will show that
C∞ = lim
k→∞
Com(V k(g, B),Ak) ∼= VG,
where
V = Com( lim
k→∞
V k(g, B), lim
k→∞
Ak).
Here G is a connected Lie group with Lie algebra g, which acts on V . Moreover, V is a
tensor product of free field and affine vertex algebras and G preserves each tensor factor
of V . The description of Com(V k(g, B),Ak) therefore boils down to a description of the
orbifold VG, which is an easier problem.
Building on our previous work on orbifolds of free field and affine vertex algebras
[LI, LII, LIII, LIV, CLII], we will prove in Sections 4 and 5 that for any vertex algebra
V which is a tensor product of free field and affine vertex algebras and any reductive
group G ⊆ Aut(V) preserving the tensor factors, VG is strongly finitely generated. The
proof depends on a classical theorem of Weyl (Theorem 2.5A of [W]), a result on infinite-
dimensional dual reductive pairs (see Section 1 of [KR] as well as related results in [DLM,
WaI, WaII]), and the structure and representation theory of the vertex algebras BAut(B) for
B = H(n),F(n),S(n),A(n).
In Section 7, we shall apply our general result to find minimal strong finite generating
sets for Com(V k(g, B),Ak) in some concrete examples which have been studied previ-
ously in the physics literature. In physics language, the tensor product of two copies of
Com(V k(g, B),Ak) is the symmetry algebra of a two-dimensional coset conformal field
theory of a Wess-Zumino-Novikov-Witten model. Minimal strong generating sets for
many examples of coset theories have been suggested in the physics literature; see espe-
cially [B-H], and we provide rigorous proofs of a number of these conjectures.
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If g is simple and B is the standard normalized Killing form, we denote V k(g, B) by
V k(g), and we denote by h∨ the dual Coxeter number of g. Let g be simple, and Ak a
vertex algebra admitting a homomorphism V k(g) → Ak, as above. Suppose that k is a
parameter value for which Ak is not simple, and let I be the maximal proper ideal of
Ak, so that Ak = Ak/I is simple. Let J denote the kernel of the map V k(g) → Ak, and
suppose that J is maximal so that V k(g)/J ∼= Lk(g). There is always a vertex algebra
homomorphism
pik : Com(V
k(g),Ak)→ Com(Lk(g),Ak),
which in general need not be surjective. In order to apply our results on Com(V k(g),Ak)
to the structure of Com(Lk(g),Ak), we need to determine when pik is surjective, since in
this case a strong generating set for Com(V k(g),Ak) descends to a strong generating set
for Com(Lk(g),Ak). In Section 8, we shall prove that pik is surjective whenever k + h∨ is a
positive real number.
This provides a powerful approach to describing Com(Lk(g),Ak), and we will give
two examples to illustrate our method. First, we show that for all admissible levels
k, Com(Lk(sp2), Lk(osp(1|2))) is isomorphic to the rational Virasoro vertex algebra with
c = − k(4k+5)
(k+2)(2k+3)
. Second, we give a new proof of the rationality of the simple N = 2 su-
perconformal algebra with c = 3k
k+2
for all positive integers k. This algebra is realized as
the coset of the Heisenberg algebra inside Lk(sl2) ⊗ E , where E denotes the rank one bc-
system. The rationality and regularity of these N = 2 superconformal algebras were first
established by Adamovic [AI, AII]; additionally, the irreducible modules were classified
and the fusion rules were computed. In the physics literature, these algebras are known
as N = 2 superconformal unitary minimal models [DPYZ]. They are famous in string theory
because extended algebras of tensor products of N = 2 superconformal unitary minimal
models at total central charge 3d are the so-called Gepner models [G] of sigma models on
d-dimensional compact Calabi-Yau manifolds.
Finally, we mention that our work relates to another current problem in physics. The
problem of finding minimal strong generators is presently of interest in the conjectured
duality of families of two-dimensional conformal field theories with higher spin grav-
ity on three-dimensional Anti-de-Sitter space. Strong generators of the symmetry al-
gebra of the conformal field theory correspond to higher spin fields, where the confor-
mal dimension becomes the spin. The original higher spin duality [GG] involves cosets
Com
(
V k(sln),Ak
)
, where Ak = V k−1(sln) ⊗ L1(sln). This case is discussed in Example
7.13. Example 7.16 is the algebra appearing in the N = 1 superconformal version of the
higher spin duality [CHRI], and Example 7.5 proves a conjecture of that article on the
structure of Com(V k(sp2n), V
k−1/2(osp(1|2n) ⊗ S(n)). Example 7.11 is the symmetry al-
gebra of the N = 2 supersymmetric Kazama-Suzuki coset theory on complex projective
space [KS]. This family of coset theories is the conjectured dual to the full N = 2 higher
spin supergravity [CHRII]. All these examples are important since they illustrate consis-
tency of the higher spin/CFT conjecture on the level of strong generators of the symmetry
algebra. Our results have recently been used in this direction in [FG]. The physics picture
is actually that a two-parameter family of CFTs corresponds to higher spin gravity where
the parameters relate to the ’t Hooft coupling of the gravity. This idea is similar to our
idea of a deformable family of vertex algebras.
4
2. VERTEX ALGEBRAS
In this section, we briefly define vertex algebras, which have been discussed from vari-
ous different points of view in the literature (see for example [B, FBZ, FLM, FHL, LZ, KI]).
We will follow the formalism developed in [LZ] and partly in [LiI]. Let V = V0 ⊕ V1 be a
super vector space over C, and let z, w be formal variables. Let QO(V ) denote the space
of linear maps
V → V ((z)) = {
∑
n∈Z
v(n)z−n−1|v(n) ∈ V, v(n) = 0 for n >> 0}.
Each element a ∈ QO(V ) can be represented as a power series
a = a(z) =
∑
n∈Z
a(n)z−n−1 ∈ End(V )[[z, z−1]].
We assume that a = a0+a1 where ai : Vj → Vi+j((z)) for i, j ∈ Z/2Z, and we write |ai| = i.
For each n ∈ Z, there is a nonassociative bilinear operation ◦n on QO(V ), defined on
homogeneous elements a and b by
a(w) ◦n b(w) = Resza(z)b(w) ι|z|>|w|(z − w)n − (−1)|a||b|Reszb(w)a(z) ι|w|>|z|(z − w)n.
Here ι|z|>|w|f(z, w) ∈ C[[z, z−1, w, w−1]] denotes the power series expansion of a rational
function f in the region |z| > |w|. For a, b ∈ QO(V ), we have the following identity of
power series known as the operator product expansion (OPE) formula.
(2.1) a(z)b(w) =
∑
n≥0
a(w) ◦n b(w) (z − w)−n−1+ : a(z)b(w) : .
Here : a(z)b(w) : = a(z)−b(w) + (−1)|a||b|b(w)a(z)+, where a(z)− =
∑
n<0 a(n)z
−n−1 and
a(z)+ =
∑
n≥0 a(n)z
−n−1. Often, (2.1) is written as
a(z)b(w) ∼
∑
n≥0
a(w) ◦n b(w) (z − w)−n−1,
where ∼means equal modulo the term : a(z)b(w) :, which is regular at z = w.
Observe that : a(z)b(z) : is a well-defined element of QO(V ). It is called the Wick
product, or normally ordered product, of a(z) and b(z), and it coincides with a(z) ◦−1 b(z).
For n ≥ 1 we have
n! a(z) ◦−n−1 b(z) = : (∂na(z))b(z) :, ∂ = d
dz
.
For a1(z), . . . , ak(z) ∈ QO(V ), the iterated Wick product is defined inductively by
(2.2) : a1(z)a2(z) · · · ak(z) : = : a1(z)b(z) :, b(z) = : a2(z) · · · ak(z) : .
We often omit the formal variable z when no confusion can arise.
A subspace A ⊆ QO(V ) containing 1 which is closed under all products ◦n will be
called a quantum operator algebra (QOA). We say that a, b ∈ QO(V ) are local if
(z − w)N [a(z), b(w)] = 0
for some N ≥ 0. Here [, ] denotes the super bracket. This condition implies that a ◦n b = 0
for n ≥ N , so (2.1) becomes a finite sum. Finally, a vertex algebra will be a QOA whose
elements are pairwise local. This notion is well known to be equivalent to the notion
of a vertex algebra in the sense of [FLM, FHL], except that a conformal structure is not
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assumed to exist. Briefly, a vertex algebra is a vector space V with a distinguished vector
called the vacuum vector, and an injective linear map Y : V → QO(V ) satisfying some
axioms, the most important of which is that Y (V ) is a QOA whose element are pairwise
local. Conversely, if A is a QOA whose elements are pairwise local, then A is itself a
faithful A-module via the left regular map
(2.3) ρ : A → QO(A), a 7→ aˆ, aˆ(ζ)b =
∑
n∈Z
(a ◦n b) ζ−n−1.
It can be shown (see [LiI] and [LL]) that ρ is an injective QOA homomorphism, and that
taking Y = ρ, A is then a vertex algebra with vacuum vector 1.
A vertex algebra A is said to be generated by a subset S = {αi| i ∈ I} if A is spanned by
words in the letters αi and all products ◦n, for i ∈ I and n ∈ Z. We say that S strongly gen-
eratesA ifA is spanned by words in the letters αi and products ◦n, for n < 0. Equivalently,
A is spanned by the set of normally ordered monomials
{: ∂k1αi1 · · ·∂kmαim : | i1, . . . , im ∈ I, k1, . . . , km ≥ 0}.
Suppose that S is an ordered strong generating set {α1, α2, . . . } forA. We say that S freely
generates A, if A has a PBW basis consisting of
: ∂k
1
1αi1 · · ·∂k1r1αi1∂k21αi2 · · ·∂k2r2αi2 · · ·∂kn1αin · · ·∂knrnαin :, 1 ≤ i1 < · · · < in,
k11 ≥ k12 ≥ · · · ≥ k1r1, k21 ≥ k22 ≥ · · · ≥ k2r2 , · · · , kn1 ≥ kn2 ≥ · · · ≥ knrn.
(2.4)
There is a similar notion of free generation for a vertex superalgebra, where if αi is an odd
generator, ∂kαi can only appear once in such a monomial.
A conformal structure of central charge c on a vertex algebraA is a Virasoro vector L(z) =∑
n∈Z Lnz
−n−2 ∈ A satisfying
(2.5) L(z)L(w) ∼ c
2
(z − w)−4 + 2L(w)(z − w)−2 + ∂L(w)(z − w)−1,
such that in addition, L−1α = ∂α for all α ∈ A, and L0 acts diagonalizably on A. We
say that a has conformal weight d if L0(α) = dα, and we denote the conformal weight d
subspace by A[d]. In all our examples, the conformal weight grading is by Z≥0, that is,
A =
⊕
d≥0
A[d],
and each A[d] is finite-dimensional. We then have the graded character
(2.6) χ(A, q) =
∑
d≥0
dim(A[d])qd.
As a matter of notation, we say that a vertex algebra A is of typeW(d1, d2, . . . ) if it has a
minimal strong generating set consisting of one field in each weight d1, d2, . . . .
Affine vertex algebras. Let g be a finite-dimensional, Lie (super)algebra, equipped with
a (super)symmetric, invariant bilinear form B. The universal affine vertex (super)algebra
V k(g, B) associated to g and B is freely generated by elements Xξ, ξ ∈ g, satisfying the
operator product expansions
Xξ(z)Xη(w) ∼ kB(ξ, η)(z − w)−2 +X [ξ,η](w)(z − w)−1.
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The automorphism group Aut(V k(g, B)) is the same as the group of automorphisms of g
which preserve B; each automorphism acts linearly on the generatorsXξ. If B is the stan-
dardly normalized supertrace in the adjoint representation of g, and B is nondegenerate,
we denote V k(g, B) by V k(g). We recall the Sugawara construction, following [KRW]. If g
is simple and B is nondegenerate, we may choose dual bases {ξ} and {ξ′} of g, satisfying
B(ξ′, η) = δξ,η. The Casimir operator is C2 =
∑
ξ ξξ
′, and the dual Coxeter number h∨
with respect to B is one-half the eigenvalue of C2 in the adjoint representation of g. If
k + h∨ 6= 0, there is a Virasoro element
(2.7) Lg =
1
2(k + h∨)
∑
ξ
: XξXξ
′
:
of central charge c = k·sdim(g)
k+h∨
. This is known as the Sugawara conformal vector, and eachXξ
is primary of weight one. We denote by Lk(g, B) the unique simple quotient of V
k(g, B)
by its maximal proper ideal graded by conformal weight, and we denote by Lk(g) the
simple graded quotient of V k(g).
Free field algebras. The Heisenberg algebra H(n) has even generators αi, i = 1, . . . , n, sat-
isfying
(2.8) αi(z)αj(w) ∼ δi,j(z − w)−2.
It has the Virasoro element LH = 1
2
∑n
i=1 : α
iαi : of central charge n, under which αi is pri-
mary of weight one. The automorphism group Aut(H(n)) is isomorphic to the orthogonal
group O(n) and acts linearly on the generators.
The free fermion algebra F(n) has odd generators φi, i = 1, . . . , n, satisfying
(2.9) φi(z)φj(w) ∼ δi,j(z − w)−1.
It has the Virasoro element LF = −1
2
∑n
i=1 : φ
i∂φi : of central charge n
2
, under which φi is
primary of weight 1
2
. We have Aut(F(n)) ∼= O(n), and it acts linearly on the generators.
Note that F(2n) is isomorphic to the bc-system E(n), which has odd generators bi, ci, i =
1, . . . , n, satisfying
bi(z)cj(w) ∼ δi,j(z − w)−1, ci(z)bj(w) ∼ δi,j(z − w)−1,
bi(z)bj(w) ∼ 0, ci(z)cj(w) ∼ 0.(2.10)
The βγ-system S(n) has even generators βi, γi, i = 1, . . . , n, satisfying
βi(z)γj(w) ∼ δi,j(z − w)−1, γi(z)βj(w) ∼ −δi,j(z − w)−1,
βi(z)βj(w) ∼ 0, γi(z)γj(w) ∼ 0.(2.11)
It has the Virasoro elementLS = 1
2
∑n
i=1
(
: βi∂γi : − : ∂βiγi : ) of central charge−n, under
which βi, γi are primary of weight 1
2
. The automorphism group Aut(S(n)) is isomorphic
to the symplectic group Sp(2n) and acts linearly on the generators.
The symplectic fermion algebra A(n) has odd generators ei, f i, i = 1, . . . , n, satisfying
ei(z)f j(w) ∼ δi,j(z − w)−2, f j(z)ei(w) ∼ −δi,j(z − w)−2,
ei(z)ej(w) ∼ 0, f i(z)f j(w) ∼ 0.(2.12)
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It has the Virasoro element LA = −∑ni=1 : eif i : of central charge −2n, under which
ei, f i are primary of weight one. We have Aut(A(n)) ∼= Sp(2n), and it acts linearly on the
generators.
Filtrations. A filtration A(0) ⊆ A(1) ⊆ A(2) ⊆ · · · on a vertex algebra A such that A =⋃
k≥0A(k) is a called a good increasing filtration [LiII] if for all a ∈ A(k), b ∈ A(l), we have
(2.13) a ◦n b ∈
{ A(k+l) n < 0
A(k+l−1) n ≥ 0 .
Setting A(−1) = {0}, the associated graded object gr(A) =
⊕
k≥0A(k)/A(k−1) is a Z≥0-
graded associative, (super)commutative algebra with a unit 1 under a product induced
by the Wick product onA. Moreover, gr(A) has a derivation ∂ of degree zero, and we call
such a ring a ∂-ring. For each r ≥ 1 we have the projection
(2.14) φr : A(r) → A(r)/A(r−1) ⊆ gr(A).
The key feature of such filtrations is the following reconstruction property [LL]. Let
{ai| i ∈ I} be a set of generators for gr(A) as a ∂-ring, where ai is homogeneous of degree
di. In other words, {∂kai| i ∈ I, k ≥ 0} generates gr(A) as a ring. If ai(z) ∈ A(di) satisfies
φdi(ai(z)) = ai for each i, thenA is strongly generated as a vertex algebra by {ai(z)| i ∈ I}.
For any Lie superalgebra g = g0 ⊕ g1 and bilinear form B, V k(g, B) admits a good
increasing filtration
(2.15) V k(g, B)(0) ⊆ V k(g, B)(1) ⊆ · · · , V k(g, B) =
⋃
j≥0
V k(g, B)(j),
where V k(g, B)(j) is spanned by all iterated Wick products : ∂
k1Xξ1 · · ·∂krXξr : of length
r ≤ j. We have a linear isomorphism V k(g, B) ∼= gr(V k(g, B)), and an isomorphism of
graded ∂-rings
(2.16) gr(V k(g, B)) ∼= (Sym⊕
j≥0
Vj
)⊗(∧
j≥0
⊕
Wj
)
, Vj ∼= g0, Wj ∼= g1.
In this notation, Vj is spanned by the images of {∂jXξi| ξi ∈ g0} in gr(V k(g, B)), and Wj
is spanned by the images of {∂jXξi | ξi ∈ g1}. Using the notation Xξij for these variables,
the ∂-ring structure on
(
Sym
⊕
j≥0 Vj
)⊗(∧
j≥0
⊕
Wj
)
is given by ∂Xξij = X
ξi
j+1 for ξi in
either g0 or g1. Clearly the weight grading on V
k(g, B) is inherited by gr(V k(g, B)).
For V = H(n),F(n),S(n),A(n) we have good increasing filtrations V(0) ⊆ V(1) ⊆ · · · ,
where V(j) is spanned by iterated Wick products of the generators and their derivatives of
length at most j. We have linear isomorphisms
H(n) ∼= gr(H(n)) F(n) ∼= gr(F(n)), S(n) ∼= gr(S(n)), A(n) ∼= gr(A(n)),
and isomorphism of ∂-rings
gr(H(n)) ∼= Sym
⊕
j≥0
Vj , gr(F(n)) ∼=
∧⊕
j≥0
Vj
gr(S(n)) ∼= Sym
⊕
j≥0
(Vj ⊕ V ∗j ), gr(A(n)) ∼=
∧⊕
j≥0
(Vj ⊕ V ∗j ),
(2.17)
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where Vj ∼= Cn and V ∗j ∼= (Cn)∗ for all j ≥ 0. If we choose a basis {xij | i = 1, . . . n} for
Vj and a basis {yij| i = 1, . . . , n} for V ∗j , the ∂-ring structure is given by ∂xij = xij+1 and
∂yij = y
i
j+1, and gr(V) inherits the weight grading on V .
Finally, for all the vertex algebras V = V k(g, B),H(n),F(n),S(n),A(n) these filtrations
are Aut(V)-invariant. For any reductive group G ⊆ Aut(V), we have linear isomorphisms
VG ∼= gr(VG) and isomorphisms of ∂-rings gr(V)G ∼= gr(VG).
3. VERTEX ALGEBRAS OVER COMMUTATIVE RINGS
Let R be a unital, commutative ring. A vertex algebra over R will be an R-module A
with a vertex algebra structure, which we shall define as in Section 2. A general treatment
of vertex algebras over commutative rings has recently been given by Mason [M]. Much
of the theory is similar to vertex algebras over fields, but there are some important differ-
ences. For example, the translation operator does not work when the ring does not have
enough denominators, and must be replaced with a Hasse-Schmidt derivation. These
difficulties are not present when R is a C-algebra, which is the case in all our examples.
First, given an R-moduleM , we define QOR(M) to be the set of R-module homomor-
phisms a :M → M((z)), which can be represented by power series
a(z) =
∑
n∈Z
a(n)z−n−1 ∈ EndR(M)[[z, z−1]].
Here a(n) ∈ EndR(M) is an R-module endomorphism, and for each v ∈ M , a(n)v = 0
for n >> 0. Clearly QOR(M) is an R-module, and we define the products a ◦n b as before,
which are R-module homomorphisms from QOR(M) ⊗R QOR(M) → QOR(M). A QOA
will be an R-module A ⊆ QOR(M) containing 1 and closed under all products. Locality
is defined as usual, and a vertex algebra over R is a QOA A ⊆ QOR(M) whose elements
are pairwise local. The OPE formula (2.1) still holds, and there is a faithful representation
A → QOR(A) given by (2.3).
We say that a subset S = {αi| i ∈ I} ⊆ A generatesA ifA is spanned as anR-module by
all words in αi and the above products. We say that S strongly generatesA ifA is spanned
as an R-module by all iterated Wick products of these generators and their derivatives.
In general, A need not be a free R-module, but all the examples we need in this paper are
free modules. If S = {α1, α2, . . . } is an ordered strong generating set for A, we say that
S freely generatesA, ifA has an R-basis consisting of all normally ordered monomials of
the form (2.4). In particular, A is a free R-module.
Let A be a vertex algebra over R and let c ∈ R. Suppose that A contains a field L
satisfying (2.5), such that L0 acts on A by ∂ and L1 acts diagonalizably, and we have an
R-module decomposition
A =
⊕
d∈R
A[d].
Here A[d] is the L0-eigenspace with eigenvalue d. If each A[d] is a free R-module of finite
rank, we have the graded character
(3.1) χ(A, q) =
∑
d∈R
rankR(A[d])qd.
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In all our examples, the grading will be by Z≥0, regarded as a semigroup inside R, and
A[0] ∼= R. A typical example is V k(g) where k is regarded as a formal variable, so V k(g)
is a vertex algebra over the polynomial ring C[k]. As such, it has no conformal vector.
If instead we define R to be the localization D−1C[k] where D is the multiplicative set
generated by (k + h∨), then V k(g) has Virasoro vector Lg given by (2.7).
Let A be a vertex algebra over R with a weight grading as above. Given an ideal I ⊆
R ∼= A[0], let I ·A denote the set of finite sums of the form∑i fiai where fi ∈ I and ai ∈ A.
Clearly I · A is the vertex algebra ideal generated by I , and we may consider the quotient
A/(I · A).
It is a vertex algebra over R/I with a weight grading such that (A/(I · A))[0] ∼= R/I . In
general, ifA is a free R-module, A/(I · A) need not be a free R/I-module. However, in all
our examples, R/I will be a field so that A/(I · A) is indeed free.
Deformable families. The notion of a deformable family of vertex algebras is a special
case of a vertex algebra defined over a commutative ring, and was introduced in [CLI].
Let K ⊆ C be a subset which is at most countable, and let FK denote the C-algebra of
rational functions in a formal variable κ of the form p(κ)
q(κ)
where deg(p) ≤ deg(q) and the
roots of q lie in K. A deformable family will be a free FK-module B with the structure of
a vertex algebra over FK .
We assume that B possesses a Z≥0-grading
(3.2) B =
⊕
m≥0
B[m]
by weight, where each B[m] is free FK-module of finite rank, and B[0] ∼= FK . Typically,
this grading comes from a conformal structure on B, but this need not be the case. We
only required that for a ∈ B[m], the operator a◦n is homogeneous of weightm− n− 1.
For k ∈ C \ K, the ideal (κ − k) ⊆ FK is maximal and FK/(κ − k) ∼= C. Let (κ − k)B
denote the set of finite sums of the form
∑
i fibi, where bi ∈ B and fi ∈ (κ − k). Clearly
(κ− k)B is a vertex algebra ideal of B. By abuse of notation, we often denote (κ− k)B by
(κ− k) when no confusion can arise. The quotient
Bk = B/(κ− k)
is then an ordinary vertex algebra over C. Evidently, B and Bk have the same graded
character in the sense that
χ(B, q) =
∑
d≥0
rankFK (B[d])qd =
∑
d≥0
dimC(Bk[d])qd = χ(Bk, q).
We regard Bk as being obtained from B by evaluating the functions in FK at the point k.
Since FK consists of rational functions of degree at most zero, B has a limit
B∞ = lim
κ→∞
B,
which we define as follows. First, fix a basis {ai| i ∈ I} of B as an FK-module, and define
B∞ to be the vector space over C with basis {αi| i ∈ I}. Without loss of generality, we
may assume that each ai is homogeneous with respect to weight. If ai ∈ B[m], we declare
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that αi ∈ B∞[m], so that B∞ inherits the weight grading B∞ =
⊕
m≥0 B∞[m]. Next, we
define a map
φ : B → B∞, φ(
∑
i∈I
fiai) =
∑
i∈I
( lim
κ→∞
fi)αi.
Here
∑
i∈I fiai is an arbitrary element of B, where the coefficients fi are elements of FK
and fi = 0 for all but finitely many indices. This map is clearly linear in the sense that
φ(fω + gν) = ( lim
κ→∞
f)φ(ω) + ( lim
κ→∞
g)φ(ν).
The vertex algebra structure on B∞ is defined on our basis by
(3.3) αi ◦n αj = φ(ai ◦n aj), i, j ∈ I, n ∈ Z,
and extended by linearity, so for all ω, ν ∈ B and n ∈ Z, we have
(3.4) φ(ω ◦n ν) = φ(ω) ◦n φ(ν).
Clearly B∞ is a vertex algebra over C with graded character χ(B∞, q) = χ(B, q). Since
each weight space B[m] has finite rank and the determinant of a change of basis matrix
lies in FK , the vertex algebra structure of B∞ does not depend on the choice of basis of B.
We can regard B∞ as obtained from B by evaluating all elements of FK at ∞, so it is on
the same footing as Bk defined above.
Example 3.1 (Affine vertex superalgebras). Let g = g0 ⊕ g1 be a finite-dimensional Lie
superalgebra over C, where dim(g0) = n and dim(g1) = 2m. Suppose that g is equipped
with a nondegenerate, invariant, supersymmetric bilinear form B. Fix a basis {ξ1, . . . , ξn}
for g0 and {η±1 , . . . , η±m} for g1, so the generators Xξi, Xη
±
j of V k(g, B) satisfy
Xξi(z)Xξj (w) ∼ δi,jk(z − w)−2 +X [ξi,ξj ](w)(z − w)−1,
Xη
+
i (z)Xη
−
j (w) ∼ δi,jk(z − w)−2 +X [η
+
i
,η−
j
](w)(z − w)−1,
Xξi(z)Xη
±
j (w) ∼ X [ξi,η±j ](w)(z − w)−1,
Xη
±
i (z)Xη
±
j (w) ∼ X [η±i ,η±j ](w)(z − w)−1.
(3.5)
Let κ be a formal variable satisfying κ2 = k, and let F = FK for K = {0}. Let V
be the vertex algebra with coefficients in F which is freely generated by {aξi, aη±j | i =
1, . . . , n, j = 1, . . . , m}, satisfying
aξi(z)aξj (w) ∼ δi,j(z − w)−2 + 1
κ
a[ξi,ξj ](w)(z − w)−1,
aη
+
i (z)aη
−
j (w) ∼ δi,j(z − w)−2 + 1
κ
a[η
+
i ,η
−
j ](w)(z − w)−1,
aξi(z)aη
±
j (w) ∼ +1
κ
a[ξi,η
±
j ](w)(z − w)−1,
aη
±
i (z)aη
±
j (w) ∼ +1
κ
a[η
±
i ,η
±
j ](w)(z − w)−1.
(3.6)
For k 6= 0, we have a surjective vertex algebra homomorphism
V → V k(g, B), aξi 7→ 1√
k
Xξi, aη
±
j 7→ 1√
k
aη
±
j ,
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whose kernel is the ideal (κ−√k), so V k(g, B) ∼= V/(κ−
√
k). Then
(3.7) V∞ = lim
κ→∞
V ∼= H(n)⊗A(m),
and has even generators αξi for i = 1, . . . , n, and odd generators eη
+
j , eη
−
j for j = 1, . . . , m,
satisfying
αξi(z)αξj (w) ∼ δi,j(z − w)−2,
eη
+
i (z)eη
−
j (w) ∼ δi,j(z − w)−2.
(3.8)
An important feature of deformable families is that a strong generating set for the limit
will give rise to a strong generating sets for the family after tensoring with a ring of the
form FS for a subset S ⊆ C containing K. The following result appears as Lemma 8.1 of
[CLI], but we include a more detailed proof here for the benefit of the reader.
Lemma 3.2. Let K ⊆ C be at most countable, and let B be a vertex algebra over FK with weight
grading (3.2) such that B[0] ∼= FK . Let U = {αi| i ∈ I} be a strong generating set for B∞, and
let T = {ai| i ∈ I} be a subset of B such that φ(ai) = αi. There exists a subset S ⊆ C containing
K which is at most countable, such that FS ⊗FK B is strongly generated by T . Here we have
identified T with the set {1⊗ ai| i ∈ I} ⊆ FS ⊗FK B.
Proof. For all n > 0, let dn = rankFK (B[n]) = dimCB∞[n], and fix a basis {b1, . . . , bdn} for
B[n] as an FK-module, so that the corresponding set {β1, . . . , βdn}, where βj = φ(bj), forms
a basis of B∞[n].
SinceU = {αi| i ∈ I} strongly generates B∞, there is a subset ofmonomials {µ1, . . . , µdn}
which each have the form : ∂k1αi1 · · ·∂krαir :, which is another basis for B∞[n]. Note that
B∞ need not be freely generated by U , so this subset may not include all possible mono-
mials of weight n. Let M = (mj,k) ∈ GLn(C) denote the change of basis matrix such
that
µj =
∑
k
mj,kβk.
Next, let {m1, . . . , mdn} be the monomials in the elements {ai| i ∈ I} and their derivatives
obtained from µ1, . . . , µdn by replacing each αi by ai. It follows from (3.3) that φ(mj) = µj .
Moreover, since {b1, . . . , bdn} is a basis for B[n] as an FK-module, we can write
mj =
∑
k
mj,k(κ)bk,
for some functions mj,k(κ) ∈ FK . Taking the limit shows that limκ→∞mj,k(κ) = mj,k,
and since the matrix M = (mj,k) has nonzero determinant, it follows that this holds for
M(κ) = (mj,k(κ)) as well. Moreover, det(M(κ)) lies in FK and hence has degree zero
as a rational function. Then 1
det(M(κ))
has degree zero, but need not lie in FK since the
denominator may have roots that do not lie in K. But if we let Sn be the union of K and
this set of roots, det(M(κ))will be invertible in FSn and {m1, . . . , mdn}will form a basis of
FSn ⊗FK B[n] as an FSn-module. We now take S =
⋃
n≥0 Sn, and it is clear that the set T
has the desired properties. 
Corollary 3.3. For k ∈ C \ S, the vertex algebra Bk = B/(κ − k) is strongly generated by the
image of T under the map B → Bk.
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Since our description of S is nonconstructive, it is difficult to determine when Corollary
3.3 can be applied to a specific value of k. However, a slightly weaker statement holds if
S is replaced by a much smaller set S ′, which can be determined algorithmically. Since
T closes under operator product expansion in FS ⊗FK B, each term appearing in the OPE
of ai(z)aj(w) for i, j ∈ I can be expressed as a linear combination of normally ordered
monomials of the form
(3.9) : ∂k1ai1(w) · · ·∂krair(w) :,
for i1, . . . , ir ∈ I and k1, . . . , kr ≥ 0. The structure constants, i.e., the coefficients of these
monomials, are rational function of κ lying in FS but not necessarily in FK . Let D denote
the set of poles of the structure constants appearing in ai(z)aj(w) for all i, j ∈ I . Without
loss of generality, we may assume that D ⊆ S. We now define S ′ = K ∪D.
Lemma 3.4. As an FS′-module, FS′ ⊗FK B is strongly generated by T , up to torsion elements.
Proof. Let A be the subalgebra of FS′ ⊗FK B generated by T . Note first that A is strongly
generated by T ; equivalently, A is spanned as an FS′-module by all normally ordered
monomials (3.9) as above. This is clear since the corresponding generating set in FS⊗FK B
(also denoted by T ) is a strong generating set, but the structure constants in FS ⊗FK B all
lie in the smaller algebra FS′ . Also, since FS ⊗FK B is strongly generated by T , we have
(3.10) FS ⊗FK B = FS ⊗FS′ A = FS ⊗FK A.
Since FS′ is an integral domain, for eachm ≥ 0,
rankFS′(A[m]) = dimF (F ⊗FS′ A[m])
is well-defined, where F denotes the fraction field of FS′ . By (3.10), we have
rankFK (B[m]) = rankFS(FS ⊗FK B[m]) = rankFS(FS ⊗FS′ A[m]) = rankFS′(A[m]).
Since rankFK(B[m]) = rankFS′ (FS′ ⊗FK B[m]), it follows that
FS′⊗FKB[m]
A[m] is a torsion FS′-
module for allm, as claimed. 
In many situations, K is a finite set. For example, if B is the deformable family V
satisfying V/(κ − √k) ∼= V k(g, B) for some Lie superalgebra g, we can take K = {0}.
Also, in many situations B∞ is strongly generated by a finite set U = {α1, . . . , αr}.
Corollary 3.5. Suppose that K is a finite set and B∞ is strongly generated by a finite set U =
{α1, . . . , αr}. Then Bk is strongly generated by the corresponding set T = {a1, . . . , ar} for generic
values of k.
IfU is aminimal strong generating set for B∞ it is not clear in general that T is a minimal
strong generating set for B, since there may exist relations of the form λ(k)αj = P , where
P is a normally ordered polynomial in {αi| i ∈ I, i 6= k} and limk→∞ λ(k) = 0, although
limk→∞ P is nontrivial. However, there is one condition which holds in many examples,
under which T is a minimal strong generating set for B.
Lemma 3.6. Suppose that U = {αi| i ∈ I} is a minimal strong generating set for B∞ such that
there is an N ∈ Z>0 with wt(αi) < N for all i ∈ I . If there are no normally ordered polynomial
relations among {αi| i ∈ I} and their derivatives of weight less than N , then the corresponding
set T = {ai| i ∈ I} is a minimal strong generating set for B.
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Proof. If T is not minimal, there exists a decoupling relation λ(k)aj = P for some j ∈ I
of weight wt(aj) < N . By rescaling if necessary, we can assume that either λ(k) or P is
nontrivial in the limit k →∞. We therefore obtain a nontrivial relation among {αi| i ∈ I}
and their derivatives of the same weight, which is impossible. 
In our main examples, the fact that relations among the elements of U and their deriva-
tives do not exist below a certain weight is a consequence of Weyl’s second fundamental
theorem of invariant theory for the classical groups [W].
4. ORBIFOLDS OF FREE FIELD ALGEBRAS
By a free field algebra, we mean any vertex algebra V = H(n) ⊗ F(m) ⊗ S(r) ⊗ A(s) for
integers m,n, r, s ≥ 0, where B(0) is declared to be C for B = H,S,F ,A. Building on our
previous work, we establish the strong finite generation of VG for any reductive group
G ⊆ Aut(V) which preserves the tensor factors of V . Our description of these orbifolds is
ultimately based on a classical theorem of Weyl (Theorem 2.5A of [W]). Let Vk ∼= Cn for
k ≥ 1, and let G ⊆ GL(n), which acts on the ring Sym⊕k≥1 Vk. For all p ≥ 1, GL(p) acts
on
⊕p
k=1 Vk and commutes with the action of G. There is an induced action of GL(∞) =
limp→∞GL(p) on
⊕
k≥1 Vk, so GL(∞) acts on Sym
⊕
k≥1 Vk and commutes with the action
of G. Therefore GL(∞) acts on R = (Sym⊕k≥1 Vk)G as well. Elements σ ∈ GL(∞) are
known as polarization operators, and given f ∈ R, σf is known as a polarization of f .
Theorem 4.1. R is generated by the polarizations of any set of generators for (Sym
⊕n
k=1 Vk)
G.
SinceG is reductive, (Sym
⊕n
k=1 Vk)
G is finitely generated, so there exists a finite set {f1, . . . , fr},
whose polarizations generate R.
As shown in [CLII] (see Theorem 6.4) there is an analogue of this result for exterior
algebras. Let S = (
∧⊕
k≥1 Vk)
G and let d be the maximal degree of the generators of
(Sym
⊕n
k=1 Vk)
G. Then S is generated by the polarizations of any set of generators for
(
∧⊕d
k=1 Vk)
G. In particular, S is generated by a finite number of elements together with
their polarizations. By a similar argument, the same holds for rings of the form
T =
(
(Sym
⊕
k≥1
Vk)⊗ (
∧⊕
k≥1
Wk)
)G
,
where Vk = C
n,Wk = C
m, and G ⊆ GL(n)×GL(m) is any reductive group.
Theorem 4.2. Let V = H(m) ⊗ F(n) ⊗ S(r) ⊗ A(s) for integers m,n, r, s ≥ 0, and let G ⊆
O(m) × O(n) × Sp(2r) × Sp(2s) be a reductive group of automorphisms of V that preserves the
factorsH(m), F(n), S(r), and A(s). Then VG is strongly finitely generated.
Proof. Note that V ∼= gr(V) as G-modules, and
gr(VG) ∼= gr(V)G ∼= ((Sym⊕
j≥0
Vj)⊗ (
∧⊕
j≥0
V¯j)⊗ (Sym
⊕
j≥0
Wj)⊗ (
∧⊕
j≥0
W¯j)
)G
,
as supercommutative rings. Here Vj ∼= Cm, V¯j ∼= Cn,Wj ∼= C2r, W¯j ∼= C2s.
By a general theorem of Kac and Radul [KR] (see also [DLM] for the case of compact
G), for each of the vertex algebras B = H(m),F(n),S(r),A(s), we have a dual reductive
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pair decomposition
B ∼=
⊕
ν∈H
L(ν)⊗Mν ,
where H indexes the irreducible, finite-dimensional representations L(ν) of Aut(B), and
theMν ’s are inequivalent, irreducible, highest-weight BAut(B)-modules. Therefore
V ∼=
⊕
ν,µ,γ,δ
L(ν)⊗ L(µ)⊗ L(γ)⊗ L(δ)⊗Mν ⊗Mµ ⊗Mγ ⊗M δ,
where L(ν), L(µ), L(γ), and L(δ) are irreducible, finite-dimensional modules over O(m),
O(n), Sp(2r) and Sp(2s), respectively, and Mν , Nµ, Mγ and M δ are irreducible, highest-
weight modules over H(m)O(m), F(n)O(n), S(r)Sp(2r), and A(s)Sp(2s), respectively. An im-
mediate consequence whose proof is the same as the proof of Lemma 14.2 of [LV] is that
VG has a strong generating set which lies in the direct sum of finitely many irreducible
modules over H(m)O(m) ⊗ F(n)O(n) ⊗ S(r)Sp(2r) ⊗A(s)Sp(2s).
By Theorem 9.4 of [LV], S(r)Sp(2r) is of typeW(2, 4, . . . , 2r2 + 4r) and has strong gener-
ators
(4.1) w˜2k+1 =
1
2
r∑
i=1
(
: βi∂2k+1γi : − : (∂2k+1βi)γi : ), k = 0, 1, . . . , r2 + 2r − 1.
By Theorem 11.1 of [LV], F(n)O(n) is of typeW(2, 4, . . . , 2n) and has strong generators
j˜2k+1 = −1
2
n∑
i=1
: φi∂2k+1φi :, k = 0, 1, . . . , n− 1.
By Theorem 3.11 of [CLII], A(s)Sp(2s) is of typeW(2, 4, . . . , 2s) and has strong generators
w2k =
1
2
s∑
i=1
(
: ei∂2kf i : + : (∂2kei)f i :
)
, k = 0, 1, . . . , s− 1.
In [LIII], it was conjectured that H(m)O(m) is of typeW(2, 4, . . . , m2 + 3m), and has strong
generators
j2k =
m∑
i=1
ai∂2kai :, k = 0, 1, . . . ,
1
2
(m2 + 3m− 2).
In [LIV] this was proven for m ≤ 6. Although this conjecture was not proven for m > 6,
it was shown that for all m, H(m)O(m) has strong generators {j2k| 0 ≤ k ≤ K} for some
K ≥ 1
2
(m2 + 3m− 2).
For any irreducibleH(m)O(m)⊗F(n)O(n)⊗S(r)Sp(2r)⊗A(s)Sp(2s)-submoduleM of V with
highest-weight vector f = f(z), and any subset S ⊆ M, define MS to be the subspace
spanned by the elements
: ω1 · · ·ωaν1 · · ·νbµ1 · · ·µcζ1 · · · ζdα :,
ωi ∈ H(m)O(m), νi ∈ F(n)O(n), µi ∈ S(r)Sp(2r), ζi ∈ A(s)Sp(2s), α ∈ S.
(4.2)
By the same argument as Lemma 9 of [LII], there is a finite set S of vertex operators of the
form
j2a1(h1) · · · j2at(ht)j˜2b1+1(j1) · · · j˜2bu+1(ju)w˜2c1+1(k1) · · · w˜2cv+1(kv)w2d1(l1) · · ·w2dw(lw)f,
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such thatM =MS. In this notation
j2ai ∈ H(m)O(m), 0 ≤ hi ≤ 2ai ≤ K,
j˜2bi+1 ∈ F(n)O(n), 0 ≤ ji < 2bi + 1 ≤ 2n− 1,
w˜2ci+1 ∈ S(r)Sp(2r), 0 ≤ ki < 2ci + 1 ≤ 2r2 + 4r − 1,
w2di ∈ A(s)Sp(2s), 0 ≤ li ≤ 2di ≤ 2s− 2.
(4.3)
In fact, this is equivalent to the C1-cofiniteness of all irreducible H(m)O(m) ⊗ F(n)O(n) ⊗
S(r)Sp(2r) ⊗ A(s)Sp(2s)-submodules of V , according to Miyamoto’s definition [MiII]. Com-
bining this with the strong finite generation of each of the vertex algebras H(m)O(m),
F(n)O(n), S(r)Sp(2r), and A(s)Sp(2s), completes the proof. 
5. ORBIFOLDS OF AFFINE VERTEX SUPERALGEBRAS
In [LIII] it was shown that for any Lie algebra gwith a nondegenerate form B, and any
reductive group G of automorphisms of V k(g, B), V k(g, B)G is strongly finitely generated
for generic values of k. In this section, we extend this result to the case of affine vertex
superalgebras. Let g = g0 ⊕ g1 be a finite-dimensional Lie superalgebra over C, where
dim(g0) = n and dim(g1) = 2m, and let B be a nondegenerate form on g. Let V be
the deformable vertex algebra over F = FK for K = {0} from Example 3.1, such that
V k(g, B) ∼= V/(κ−
√
k), and V∞ = limk→∞ V ∼= H(n)⊗A(m). Define the map ψ : V → V∞
by
(5.1) ψ
(∑
r
cr(κ)mr(a
ξi)
)
=
∑
r
crmr(α
ξi), cr = lim
κ→∞
cr(κ).
In this notation, mr(a
ξi) is a normally ordered monomial in ∂jaξi , andmr(α
ξi) is obtained
from mr(a
ξi) by replacing each aξi with αξi . This map is easily seen to satisfy
(5.2) ψ(ω ◦n ν) = ψ(ω) ◦n ψ(ν),
for all ω, ν ∈ V and n ∈ Z.
Note that V has a good increasing filtration, where V(d) is spanned by normally ordered
monomials in ∂laξi and ∂laη
±
j of degree at most d. We have isomorphisms of ∂-rings
gr(V) ∼= F ⊗C
(
Sym
⊕
j≥0
Vj
)⊗(∧⊕
j≥0
Wj
) ∼= F ⊗C gr(V∞), Vj ∼= g0, Wj ∼= g1.
The action of G on V preserves the formal variable κ, and we have
gr(VG) ∼= gr(V)G ∼= F ⊗C R ∼= F ⊗C gr(V∞)G ∼= F ⊗C gr((V∞)G),
where R =
(
(Sym
⊕
j≥0 Vj)
⊗
(
∧⊕
j≥0Wj)
)G
. Finally, VG[w] is a free F -module and
rankF (VG[w]) = dimC((V∞)G[w]) = dimC(V k(g, B)G[w])
for all w ≥ 0 and k ∈ C.
Fix a basis {ξ1,l, . . . , ξn,l} for Vl, which corresponds to
{∂laξ1 , . . . , ∂laξn} ⊆ V, {∂lαξ1, . . . , ∂lαξn} ⊆ V∞,
respectively. Similarly, fix a basis {η±1,l, . . . , η±m,l} forWl corresponding to
{∂laη±1 , . . . , ∂laη±m} ⊆ V, {∂lαη±1 , . . . , ∂lαη±m} ⊆ V∞,
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respectively. The ring R is graded by degree and weight, where ξ1,l, . . . , ξn,l, η
±
1,l, . . . , η
±
m,l
have degree 1 and weight l + 1. Choose a generating set S = {si| i ∈ I} for R as a ∂-ring,
where si is homogeneous of degree di and weight wi. We may assume that S contains
finitely many generators in each weight. We can find a corresponding strong generating
set T = {ti| i ∈ I} for VG, where
ti ∈ (VG)(di), φdi(ti) = 1⊗ si ∈ F ⊗C R.
Here φdi : (VG)(di) → (VG)(di)/(VG)(di−1) ⊆ gr(VG) is the usual projection. In particular, the
leading term of ti is a sum of normally ordered monomials of degree di in the variables
aξi , aη
±
j and their derivatives, and the coefficient of each such monomial is independent
of κ. Let ui = ψ(ti) ∈ (V∞)G where ψ is given by (5.1), and define
(5.3) (VG)∞ = 〈U〉 ⊆ (V∞)G,
where 〈U〉 is the vertex algebra generated by {ui| i ∈ I}. Since {ti| i ∈ I} strongly gener-
ates VG and closes under OPE (possibly nonlinearly), it follows from (5.2) that {ui| i ∈ I}
also closes under OPE and strongly generates U .
Fix w ≥ 0, and let {m1, . . . , mr} be a set of normally ordered monomials in ti and their
derivatives, which spans the subspace VG[w] of weight w. Then (VG)∞[w] is spanned by
the corresponding monomials µl = ψ(ml) for l = 1, . . . , r, which are obtained from ml by
replacing ti with ui. Given normally ordered polynomials
P (ui) =
r∑
l=1
clµl ∈ (VG)∞[w], P˜ (ti) =
r∑
l=1
cl(κ)ml ∈ VG[w],
with cl ∈ C and cl(κ) ∈ F , we say that P˜ (ti) converges termwise to P (ui) if
lim
κ→∞
cl(κ) = cl, l = 1, . . . , r.
In particular, P˜ (ti) converges termwise to zero if and only if limκ→∞ cl(κ) = 0 for l =
1, . . . , r.
Lemma 5.1. For each normally ordered polynomial relation P (ui) in (VG)∞ of weight m and
leading degree d, there exists a relation P˜ (ti) ∈ VG of weight m and leading degree d which
converges termwise to P (ui).
Proof. We may write P (ui) =
∑d
a=1 P
a(ui), where P
a(ui) is a sum of normally ordered
monomials µ = : ∂j1ui1 · · ·∂jtuit : of degree a = di1 + · · · + dit . The leading term P d(ui)
corresponds to a relation in R among the generators si and their derivatives, i.e., P
d(si) =
0. It follows that P d(ti) ∈ (VG)(d−1). Since P a(ui) ∈ ((VG)∞)(a) for a = 1, . . . , d − 1, we
have P (ti) ∈ (VG)(d−1). Since {ti| i ∈ I} strongly generates VG, we can express P (ti) as
a normally ordered polynomial P0(ti) of degree at most d − 1. Let Q(ti) = P (ti) − P0(ti),
which is therefore a relation in VG with leading term P d(ti).
If P0(ti) converges termwise to zero, we can take P˜ (ti) = Q(ti) since P (ti) converges
termwise to P (ui). Otherwise, P0(ti) converges termwise to a nontrivial relation P1(ui)
in (VG)∞ of degree at most d − 1. By induction on the degree, there is a relation P˜1(ti)
of leading degree at most d − 1, which converges termwise to P1(ui). Finally, P˜ (ti) =
P (ti)− P0(ti)− P˜1(ti) has the desired properties. 
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Corollary 5.2. (VG)∞ = (V∞)G = (H(n) ⊗ A(m))G. In particular, VG is a deformable family
with limit (H(n)⊗A(m))G.
Proof. Recall that rankF (VG[w]) = dimC((V∞)G[w]) for all w ≥ 0. Since (VG)∞ ⊆ (V∞)G,
it suffices to show that rankF (VG[w]) = dimC((VG)∞[w]) for all w ≥ 0. Let {m1, . . . , mr}
be a basis for VG[w] as an F -module, consisting of normally ordered monomials in ti and
their derivatives. The corresponding elements µl = ψ(ml) for l = 1, . . . , r span (VG)∞[w],
and by Lemma 5.1 they are linearly independent. Otherwise, a nontrivial relation among
µ1, . . . , µr would give rise to a nontrivial relation amongm1, . . . , mr. 
Theorem 5.3. V k(g, B)G is strongly finitely generated for generic values of k.
Proof. Since K = {0}, this is immediate from Theorem 4.2 applied to V = H(n) ⊗ A(m)
and Corollaries 3.3, 3.5 and 5.2. 
Theorem 5.4. Let V = H(m) ⊗ F(n) ⊗ S(r) ⊗ A(s) be a free field algebra and let g be a Lie
superalgebra equipped with a nondegenerate formB. LetG be a reductive group of automorphisms
of V ⊗ V k(g, B) which preserves each tensor factor. Then (V ⊗ V k(g, B))G is strongly finitely
generated for generic values of k.
Proof. We have
lim
k→∞
V ⊗ V k(g, B) ∼= V ⊗H(n)⊗A(m),
where n = dim(g0) andm =
1
2
dim(g1), and
lim
k→∞
(V ⊗ V k(g, B))G ∼= (V ⊗H(n)⊗A(m))G.
Clearly G preserves the tensor factors, so the claim follows from Theorem 4.2 and Corol-
laries 3.3 and 3.5. 
6. COSETS OF V k(g, B) INSIDE LARGER STRUCTURES: GENERIC BEHAVIOR
Let g be a finite-dimensional reductive Lie algebra, equipped with a nondegenerate
symmetric, invariant bilinear form B. Let Ak be a vertex (super)algebra whose structure
constants depend continuously on k, admitting a homomorphism V k(g, B) → Ak. Many
cosets of the form
Com(V k(g, B),Ak)
have been studied in both the physics and mathematics literature. One class of examples
is
Ak = V k(g′, B′),
where g′ is a Lie (super)algebra containing g, andB is a nondegenerate, (super)symmetric
invariant form on g′ extending B. Another class of examples is
Ak = V k−l(g′, B′)⊗ F ,
where g′ and B′ are as above and F is a free field algebra admitting a map φ : V l(g, B)→
F for some fixed l ∈ C. We require that the action of g on F integrates to an action of a
connected Lie group G whose Lie algebra is g, and that G preserves the tensor factors of
F . The map V k(g, B)→ Ak is just the diagonal map Xξi 7→ Xξi ⊗ 1 + 1⊗ φ(Xξi).
To construct examples of this kind, we recall a well-known homomorphism
τ : V −1/2(sp2n)→ S(n).
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In terms of the basis {ei,j|1 ≤ i ≤ 2n, 1 ≤ j ≤ 2n} for gl2n, a standard basis for sp2n
consists of
ej,k+n + ek,j+n, −ej+n,k − ek+n,j, ej,k − en+k,n+j, 1 ≤ j, k ≤ n.
Define τ by
(6.1) Xej,k+n+ek,j+n 7→ : γjγk :, X−ej+n,k−ek+n,j 7→ : βjβk :, Xej,k−en+k,n+j 7→ : γjβk : .
This map is well known to factor through the simple quotient L−1/2(sp2n). Also, the sp2n-
action coming from the zero modes {Xξ(0)| ξ ∈ sp2n} integrates to the usual action of
Sp(2n) on S(n).
There is a similar homomorphism
σ : V 1(som)→ F(m)
which factors through the simple quotient L1(som), and whose zero mode action inte-
grates to SO(m). If g is any reductive Lie algebra which embeds in sp2n, and B1 is the
restriction of the form on sp2n to g, we obtain a restriction map τg : V
1(g, B1) → S(n).
Similarly, if g embeds in som we obtain a restriction map σg : V
1(g, B2) → F(m), where
B2 is the restriction of the form on som to g. We have the diagonal map
V 1(g, B1 +B2)→ S(n)⊗ F(m), Xξ 7→ τg(Xξ)⊗ 1 + 1⊗ σg(Xξ).
The action of g coming from the zero modes integrates to an action of a connected Lie
group G with Lie algebra g, which preserves both S(n) and F(m).
Finally, we mention one more class of examples
Ak = V k−l(g′, B′)⊗ V l(g′′, B′′).
Here g′′ is another finite-dimensional Lie (super)algebra containing g, equipped with a
nondegenerate, invariant, (super)symmetric bilinear form B′′ extending B. As usual, the
map V k(g, B) → Ak is the diagonal map Xξi 7→ Xξi ⊗ 1 + 1 ⊗ Xξi . If V l(g′′, B′′) is not
simple, we may replace V l(g′′, B′′) with its quotient by any nontrivial ideal in the above
definition.
In order to study all the above cosets from a unified point of view it is useful to axiom-
atize Ak.
Definition 6.1. A vertex algebra Ak with structure constants depending continuously on k,
which admits a map V k(g, B)→ Ak will be called good if the following conditions hold.
(1) There exists a deformable family A defined over FK for some (at most countable) subsetK ⊆
C containing zero, such that Ak = A/(κ − √k). Letting V be as in Example 3.1, there is a
homomorphism V → A inducing the map V k(g, B)→ Ak for each k with √k /∈ K.
(2) For generic values of k, Ak admits a Virasoro element LA and a conformal weight grading
Ak =⊕d∈NAk[d]. For all d, dim(Ak[d]) is finite and independent of k.
(3) For generic values of k, Ak decomposes into finite-dimensional g-modules, so the action of g
integrates to an action of a connected Lie group G having g as Lie algebra.
(4) We have a vertex algebra isomorphism
A∞ = lim
κ→∞
A ∼= H(d)⊗ A˜, d = dim(g).
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Here A˜ is a vertex subalgebra of limκ→∞A with Virasoro element LA˜ and N-grading by
conformal weight, with finite-dimensional graded components. Also, the action of G on A∞
preserves A˜.
(5) Although Lg0 need not act diagonalizably on Ak, it induces a grading on Ak into general-
ized eigenspaces corresponding to the Jordan blocks of each eigenvalue. In general, these
generalized eigenspaces can be infinite-dimensional. However, any highest-weight V k(g, B)-
submodule of Ak has finite-dimensional components with respect to this grading for generic
values of k.
Remark 6.2. Since the V k(g, B)-submodules ofAk have finite-dimensionalLg0 generalized eigenspaces,
simple quotients of such modules must be simple quotients of Weyl modules. Generically, Weyl
modules are already simple and in that case do not allow for nontrivial extensions by [Ku]. In
other words, generically V k(g, B) acts completely reducibly on Ak, so
Ak ∼=
⊕
λ∈P+
V k(λ)⊗ Ck(λ),
as a V k(g, B) ⊗ Com(V k(g, B),Ak)-module. Here P+ denotes the set of dominant weight of g,
V k(λ) are the Weyl modules, and Ck(λ) the multiplicity spaces, which are modules for the coset
Com(V k(g, B),Ak).
For a fixed λ, V k(λ)⊗ Ck(λ) is graded by conformal weight. The field φ of a vector of minimal
weight has the property that the OPE with a strong generator a of V k(g, B)⊗Com(V k(g, B),Ak)
has no poles of order higher than the conformal weight∆ of a. This minimal-weight property does
not change upon specializing to any specific value of k.
Suppose that dim(g) = d and g′ = g′0⊕g′1 where dim(g′0) = n, dim(g′1) = 2m, and n ≥ d.
It is not difficult to check that the above examples
Ak = V k(g′, B′), Ak = V k−l(g′, B′)⊗ F , Ak = V k−l(g′, B′)⊗ V l(g′′, B′′),
are good according to Definition 6.1. For Ak = V k(g′, B′), we have
(6.2) A˜ ∼= H(n− d)⊗A(m).
Similarly, for Ak = V k−l(g′, B′)⊗ F , we have
(6.3) A˜ ∼= H(n− d)⊗A(m)⊗ F .
Finally, for Ak = V k−l(g′, B′)⊗ V l(g′′, B′′), we have
(6.4) A˜ ∼= H(n− d)⊗A(m)⊗ V l(g′′, B′′).
Also, V k−l(g′, B′)⊗V l(g′′, B′′) remains good if we replace V l(g′′, B′′) by its quotient by any
ideal, and (6.4) holds if we replace V l(g′′, B′′) with its quotient by the ideal.
Let Ak be an FK-vertex algebra which is good as above, and let A and V be the de-
formable families with Ak = A/(κ−√k) and V k(g, B) = V/(κ−√k) for √k /∈ K. Let
(6.5) C = Com(V,A),
which is an FK-vertex algebra with Virasoro element
LC = LA − Lg,
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where LA and Lg are the Virasoro elements in A and V , respectively. For all k such that√
k /∈ K, define
(6.6) Ck = C/(κ−
√
k).
By abuse of notation, we use the same symbol LC = LA−Lg to denote the Virasoro element
of Ck, where LA and Lg are now the Virasoro elements in Ak and V k(g, B), respectively.
Under the isomorphism A∞ = limκ→∞A = H(d)⊗ A˜, we have
lim
κ→∞
Lg = LH =
1
2
d∑
i=1
: αξiαξi :, lim
k→∞
LA = LH + LA˜.
If A is a deformable family and G ⊆ Aut(A) is a reductive group of automorphisms,
AG is also a deformable family andAG/(κ−√k) ∼= (Ak)G whenever
√
k /∈ K. However, it
is not clear a priori that C is a deformable family (i.e., C[n] is a free FK-submodule of A[n]
for all n ≥ 0), or that for√k /∈ K, we have
(6.7) Ck = Com(V k(g, B),Ak).
Clearly Ck ⊆ Com(V k(g, B),Ak) and (6.7) holds generically, but unlike the case of orb-
ifolds, (6.7) need not hold for all
√
k /∈ K. For example, let g be simple, B the normalized
Killing form, Ak = V k(g), A = V , and K = {0}. Then C = Com(V,V) = C1, but at the
critical level k = −h∨, Com(V −h∨(g), V −h∨(g)) is the Feigin-Frenkel center of V −h∨(g).
Our first task is to determine the possible values of k for which Ck 6= Com(V k(g, B),Ak),
and in the process wewill show that C is indeed a deformable family. For the moment, we
assume that g is simple and that B is the normalized Killing form, so V k(g, B) = V k(g).
Next, we introduce another FK-vertex algebra
K = KerA(Lg0) ∩ AG.
Here G is a connected Lie group with Lie algebra g acting on A, as in Definition 6.1. We
clearly have C ⊆ K. We let
Kk = K/(κ−
√
k),
and let Q≤0 denote the set of nonpositive rational numbers.
Lemma 6.3. If
√
k /∈ K and k + h∨ /∈ Q≤0,
Kk = KerAk(Lg0) ∩ (Ak)G.
In particular, the graded character of Kk is independent of k, for all k such that k + h∨ /∈ Q≤0.
Proof. Clearly Kk ⊆ KerAk(Lg0) ∩ (Ak)G. All Weyl modules of gˆ are at generic level com-
pletely reducible (Remark 6.2), and henceLg0 acts semisimply onA. In particular, KerA(Lg0)
is already the generalized eigenspace of eigenvalue zero. Furthermore, the action of G
clearly preserves the graded subspaces of A and the G-invariant space is again a free
FK-module.
The generalized Lg0-eigenvalues on Ak all have to be of the form Cas(M)k+h∨ + n for a non-
negative integer n, where Cas(M) is the Casimir eigenvalue on an irreducible representa-
tionM of g. In particular, Cas(M)
k+h∨
+ n = 0 is only possible ifM is the trivial representation
and n = 0, or if k + h∨ is a negative rational number. Hence for k + h∨ /∈ Q≤0, we have
Kk ⊇ KerAk(Lg0) ∩ (Ak)G. 
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We have actually just proven
Corollary 6.4. If
√
k /∈ K and k + h∨ /∈ Q≤0 then Kk = KerAk(Lg0) and Lg0 acts semisimply on
the generalized eigenspace of eigenvalue zero in Ak.
Corollary 6.5. K is a deformable family, that is, each weight-graded space K[n] is a free FK-
submodule of A[n].
Lemma 6.6. If
√
k /∈ K and k + h∨ /∈ Q≤0,
Com(V k(g),Ak) = KerAk(Lg0).
Proof. Clearly any ω ∈ Com(V k(g),Ak) is annihilated by Lg0. Conversely, suppose that
ω ∈ KerAk(Lg0). Since ω ∈ (Ak)G by Corollary 6.4, if ω /∈ Com(V k(g),Ak), thenXξi ◦1ω 6= 0
for each i = 1, . . . , d. We will show that such an ω cannot exist if k + h∨ /∈ Q≤0.
Recall that Ak is N-graded by conformal weight (i.e., LA0 -eigenvalue). Write ω as a sum
of terms of homogeneous weight, and let m be the maximum value which appears. Let
g+ ⊆ gˆ be the Lie subalgebra generated by the positive modes {Xξ(k)| ξ ∈ g, k > 0}. Note
that each element of U(g+) lowers the weight by some k > 0, and the conformal weight
grading on U(g+) is the same as the grading by L
g
0-eigenvalue. An element x ∈ U(g+) of
weight −k satisfies x(ω) ∈ Am−k. Also, x(ω) lies in the generalized eigenspace of Lg0 of
eigenvalue −k, and x(ω) = 0 if k > m.
It follows that U(g+)ω is a finite-dimensional vector space graded by conformal weight.
In particular, the subspaceM ⊆ U(g+)ω of minimal weightm is finite-dimensional. Hence
it is a finite-dimensional g-module, and is thus a direct sum of finite-dimensional highest-
weight g-modules. Moreover, U(g+) acts trivially on M . Since g is simple and L
g is the
Sugawara vector at level k, the eigenvalue of Lg0 onM is given by
(6.8) Lg0|M =
Cas(M)
k + h∨
.
In fact, each irreducible summand of M must have the same Lg0 eigenvalue and hence
the same Casimir eigenvalue. This is a rational number. The Lg0 eigenvalue on M must
actually be a negative integer r, with −m ≤ r ≤ −1. This statement and (6.8) can only be
true for rational values of k < −h∨. 
Corollary 6.7. C is a deformable family over FK , and if
√
k /∈ K and k + h∨ /∈ Q≤0, we have
Ck = Com(V k(g),Ak).
Proof. Since Ck = Com(V k(g),Ak) = KerAk(Lg0) = Kk for generic values of k, we obtain
C = K as vertex algebras over FK . Since K is a deformable family over FK , so is C.
Therefore Ck = Kk for all k with √k /∈ K. Finally, since
Kk = KerAk(Lg0) = Com(V k(g),Ak)
for k + h∨ /∈ Q≤0, the claim follows. 
We now return to the situation where g is reductive and B is nondegenerate.
Corollary 6.8. Suppose that g is reductive and the restriction of B to each simple ideal gi ⊆
g is the normalized Killing form on gi. Then C is a deformable family over FK and Ck =
Com(V k(g, B),Ak) for all k such that k + h∨i /∈ Q≤0, for all i. Here h∨i is the dual Coxeter
number of the gi.
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Proof. For a one-dimensional abelian summand of g, the corresponding affine vertex al-
gebra is just the Heisenberg algebraH(1), and G = C∗. For all k 6= 0, we have
Com(H(1),Ak) = Ker(LH0 ) ∩ (Ak)C
∗
.
This is immediate from the fact thatH(1) acts completely reducibly onAk, so that (Ak)C∗ ∼=
H(1)⊗Com(H(1),Ak). The result then follows by induction on the number of simple and
abelian summands of g. 
Remark 6.9. If the restriction of B to gi is a nonzero constant λi times the normalized Killing
form on gi, the above statement must be modified as follows: C is a deformable family over FK and
Ck = Com(V k(g, B),Ak) for all k such that kλi + h∨i /∈ Q≤0, for all i.
Now we are able to give a precise description of the limit C∞ = limκ→∞ C.
Theorem 6.10. Let g, B, and A be as above. Then we have a vertex algebra isomorphism
lim
κ→∞
C ∼= A˜G.
Proof. The operator Lg0 acts on the (finite-dimensional) spaces Ak[n] of weight n and com-
mutes with G, so it maps (Ak)G[n] to itself. By Lemma 6.6, Ck[n] is generically the kernel
of this map. Let
φ : Ak[n]→ A∞[n] = (H(d)⊗ A˜)[n]
be the map sending ω 7→ limk→∞ ω, which is injective and maps Ck[n] into A˜[n]. Then
Φ = φ ◦ Lg0 : (Ak)G[n]→ (H(d)⊗ A˜)G[n]
also has kernel equal to Ck[n]. It is enough to show that dim(Ker(Φ)) ≥ dim(A˜G[n]).
Equivalently, we need to show that dim(Coker(Φ)) ≥ dim(A˜G[n]). To see this, note that
any element in the image of Lg0 is a linear combination of elements of the form : (∂
iaξi)ν :
for ξi ∈ g and i ≥ 0. Under φ these get mapped to : (∂iαξi)φ(ν) :. In particular, each term
has weight at least one under LH0 , so A˜G[n] injects into Coker(Φ). 
Let g be reductive and B nondegenerate, and suppose that Ak, A˜, and G are as above.
Let U = {αi| i ∈ I} be a strong generating set for A˜G, and let T = {ai| i ∈ I} be the
corresponding subset of C such that limκ→∞ ai = αi. By Remark 6.9, there is a subset of
Q for which Ck may be a proper subset of Com(V k(g, B),Ak), but away from these points
Ck = Com(V k(g, B),Ak). By expanding K to include these points, we can regard C as a
deformable family such that Ck = Com(V k(g, B),Ak) for all k such that √k /∈ K.
Corollary 6.11. Let g be reductive and B nondegenerate, and suppose that Ak is good. Suppose
that A˜ is a tensor product of free field algebras and affine vertex algebras at generic level, and
the induced action of G on A˜ preserves each tensor factor. Then Com(V k(g, B),Ak) is strongly
finitely generated for generic values of k.
Corollary 6.12. Let g be reductive and B nondegenerate. Let g′ be a Lie (super)algebra con-
taining g, equipped with a nondegenerate (super)symmetric form B′ extending B, and let Ak =
V k(g′, B′). Then
Com(V k(g, B), V k(g′, B′))
is strongly finitely generated for generic values of k.
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Let F be a free field algebra admitting a map V l(g, B) → F for some fixed l, and let Ak =
V k−l(g′, B′)⊗F . If the induced action of G preserves the tensor factors of F ,
Com(V k(g, B), V k−l(g′, B′)⊗ F)
is strongly finitely generated for generic values of k.
Finally, let g′′ be another Lie (super)algebra containing g, equipped with a nondegenerate (su-
per)symmetric form B′′ extending B, and let Ak = V k−l(g′, B′)⊗ V l(g′′, B′′). Then
Com(V k(g, B), V k−l(g′, B′)⊗ V l(g′′, B′′))
is strongly finitely generated for generic values of both k and l.
7. SOME EXAMPLES
To illustrate the constructive nature of our results, this section is devoted to finding
minimal strong finite generating sets for Com(V k(g, B),Ak) in some concrete examples.
By abuse of notation, we shall denote Com(V k(g, B),Ak) by Ck, since this equality holds
generically.
Example 7.1. Let g = sp2n and letAk = V k+1/2(sp2n)⊗S(n). Using the map V −1/2(sp2n)→
S(n) given by (6.1), we have the diagonal map V k(sp2n)→ Ak. Clearly
Ck = Com(V k(sp2n),Ak)
satisfies C∞ ∼= S(n)Sp(2n) which is of typeW(2, 4, . . . , 2n2 + 4n) by Theorem 9.4 of [LV]. It
follows from Corollary 6.12 that for generic values of k, Ck is of typeW(2, 4, . . . , 2n2+4n).
It is well known [KWY] that S(n)Sp(2n) ∼= L−1/2(sp2n)Sp(2n) where L−1/2(sp2n) denotes the
irreducible quotient of V −1/2(sp2n). We obtain the following result, whichwas conjectured
by Blumenhagen, Eholzer, Honecker, Hornfeck, and Hubel (see Table 7 of [B-H]).
Corollary 7.2. For Ak = V k+1/2(sp2n) ⊗ L−1/2(sp2n), Ck = Com(V k(sp2n),Ak) is of type
W(2, 4, . . . , 2n2 + 4n) for generic values of k.
Example 7.3. Let g = sp2n andAk = V k(osp(1|2n)). Then Ck = Com(V k(sp2n), V k(osp(1|2n))
satisfies limk→∞ Ck ∼= A(n)Sp(2n). Since A(n)Sp(2n) is of type W(2, 4, . . . , 2n) by Theorem
3.11 of [CLII], we obtain
Corollary 7.4. Ck = Com(V k(sp2n), V k(osp(1|2n)) is of typeW(2, 4, . . . , 2n) for generic k.
In fact, by Corollary 5.7 of [CLII], A(n)Sp(2n) is freely generated; there are no nontrivial
normally ordered polynomial relations among the generators and their derivatives. It
follows that Ck is freely generated for generic values of k.
Example 7.5. Let g = sp2n and A = V k+1/2(osp(1|2n)⊗ S(n)). Then
Ck = Com(V k(sp2n), V k−1/2(osp(1|2n)⊗ S(n)))
satisfies limk→∞ Ck ∼= (A(n)⊗ S(n))Sp(2n).
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Lemma 7.6. (A(n)⊗ S(n))Sp(2n) has the following minimal strong generating set:
j2k =
1
2
( n∑
i=1
: ei∂2kf i : + : (∂2kei)f i :
)
, 0 ≤ k ≤ n− 1,
w2k+1 =
1
2
( n∑
i=1
: βi∂2k+1γi : − : (∂2k+1βi)γi : ), 0 ≤ k ≤ n− 1,
µk =
1
2
( n∑
i=1
: βi∂kf i : − : γi∂kei : ), 0 ≤ k ≤ 2n− 1.
(7.1)
In particular, (A(n)⊗ S(n))Sp(2n) has a minimal strong generating set consisting of even genera-
tors in weights 2, 2, 4, 4, . . . , 2n, 2n and odd generators in weights 3
2
, 5
2
, . . . , 4n+1
2
.
Proof. The argument is similar to the proof of Theorem 7.1 of [CLI], and some details are
omitted. By passing to the associated graded algebra and applying Weyl’s first funda-
mental theorem of invariant theory for Sp(2n), we obtain the following strong generating
set for (A(n)⊗ S(n))Sp(2n):
1
2
( n∑
i=1
: (∂aei)∂bf i : + : (∂bei)∂af i :
)
, a, b ≥ 0,
1
2
( n∑
i=1
: (∂aβi)∂bγi : − : (∂bβi)∂aγi : ), a, b ≥ 0,
1
2
( n∑
i=1
: (∂aβi)∂bf i : − : (∂aγi)∂bei : ), a, b ≥ 0.
As in Theorem 7.1 of [CLI], we use the relation of minimal weight to construct decoupling
relations eliminating all but the set (7.1). 
Corollary 7.7. For generic values of k, Ck has a minimal strong generating set consisting of even
generators in weights 2, 2, 4, 4, . . . , 2n, 2n and odd generators in weights 3
2
, 5
2
, . . . , 4n+1
2
.
Let L = −j0 + w1 denote the Virasoro element of (A(n)⊗S(n))Sp(2n), which has central
charge −3n. Then L and µ0 generate a copy of the N = 1 superconformal algebra with
c = −3n. Similarly, for noncritical values of k, L = Losp(1|2n) − Lsp2n + w1 and µ0 generate
a copy of the N = 1 algebra inside Ck.
Example 7.8. Let g = gln and Ak = V k(gl(n|1)). In this case, Ck = Com(V k(gln),Ak)
satisfies limk→∞ Ck ∼= H(1) ⊗ (A(n)GL(n)). By Theorem 4.3 of [CLII], A(n)GL(n) is of type
W(2, 3, . . . , 2n+ 1) so Ck is generically of typeW(1, 2, 3, . . . , 2n+ 1).
Example 7.9. Let g = gln andAk = V k(gl(n|1))⊗S(n). In this case, Ck = Com(V k(gln),Ak)
satisfies limk→∞ Ck ∼= H(1)⊗ (A(n)⊗ S(n))GL(n).
Lemma 7.10. (A(n)⊗ S(n))GL(n) has the following minimal strong generating set:
wk =
n∑
i=1
: ei∂kf i :, jk =
n∑
i=1
: βi∂kγi :, 0 ≤ k ≤ 2n− 1,
νk =
n∑
i=1
: ei∂kγi :, µk =
n∑
i=1
: βi∂kf i :, 0 ≤ k ≤ 2n− 1.
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The even generators are in weights 1, 2, 2, 3, 3, . . . , 2n, 2n, 2n + 1, and the odd generators are in
weights 3
2
, 3
2
, 5
2
, 5
2
, . . . , 4n+1
2
, 4n+1
2
.
Proof. The argument is the same as the proof of Lemma 7.6. 
Therefore Ck has a minimal strong generating set with even generators in weights
1, 1, 2, 2, 3, 3, . . . , 2n, 2n, 2n+ 1, and odd generators in weights 3
2
, 3
2
, 5
2
, 5
2
, . . . , 4n+1
2
, 4n+1
2
, for
generic values of k. Note that (A(n)⊗S(n))GL(n) has the following N = 2 superconformal
structure of central charge −3n.
(7.2) L = j1 − 1
2
∂j0 − w0, F = j0, G+ = ν0, G− = µ0.
For noncritical values of k, this deforms to anN = 2 superconformal structure on Ck given
by
L = j1−1
2
∂j0+Lgl(n|1)−Lgln , F = j0, G+ =
n∑
i=1
: Xη
−
i γi :, G− =
n∑
i=1
: βiXη
+
i : .
Example 7.11. Let g = gln and Ak = V k−1(sln+1) ⊗ E(n). There is a map V k−1(gln) →
V k−1(sln+1) corresponding to the natural embedding gln → sln+1, and a homomorphism
V 1(gln) → E(n) appearing in [FKRW], so we have a diagonal homomorphism V k(gln) →
Ak. Then Ck = Com(V k(gln),Ak) satisfies limk→∞ Ck = (H(2n)× E(n))GL(n), where H(2n)
is the Heisenberg algebra with generators a1, . . . , an and a¯1, . . . , a¯n satisfying
ai(z)a¯j(w) ∼ δi,j(z − w)−2, ai(z)aj(w) ∼ 0, a¯i(z)a¯j(w) ∼ 0.
Lemma 7.12. (H(2n)× E(n))GL(n) has a minimal strong generating set
jk =
n∑
i=1
: bi∂kci :, wk =
n∑
i=1
: ai∂ka¯i : 0 ≤ k ≤ n− 1,
νk =
n∑
i=1
: bi∂ka¯i :, µk =
n∑
i=1
: ai∂kci :, 0 ≤ k ≤ n− 1.
In particular, (H(2n)×E(n))GL(n) has even generators in weights 1, 2, 2, 3, 3, . . . , n, n, n+1, and
odd generators in weights 3
2
, 3
2
, 5
2
, 5
2
, . . . , 2n+1
2
, 2n+1
2
.
Proof. This is the same as the proof of Lemma 7.6. 
Therefore Ck has aminimal strong generating set in the same weights for generic values
of k. Finally, (H(2n)× E(n))GL(n) has an N = 2 superconformal structure given by
(7.3) L = −j1 + 1
2
∂j0 − w0, F = j0, G+ = ν0, G− = µ0,
which deforms to an N = 2 superconformal structure on Ck.
This example is called the Kazama-Suzuki coset [KS] of complex projective space in the
physics literature. It is conjectured [I] to be a superW-algebra of sl(n+1|n) corresponding
to the principal nilpotent embedding of sl2. In Section 8, we will explicitly determine the
set of nongeneric values of k in the case n = 1. As a consequence, we will describe
Com(H(1), Lk(sl2)⊗ E(1)) for all admissible levels k, and prove its rationality.
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Example 7.13. Let g = sln andAk = V k−1(sln)⊗L1(sln). Note that L1(sln) ∼= Com(H, E(n))
where H is the copy of the rank one Heisenberg algebra generated by ∑ni=1 : bici : and
E(n) is the rank n bc-system. Then Ck = Com(V k(sln),Ak) satisfies
lim
k→∞
Ck ∼= L1(sln)SL(n) = Com(H, E(n))SL(n) ∼= Com(H, E(n)SL(n)) = Com(H, E(n)GL(n)).
By [FKRW], E(n)GL(n) ∼= W1+∞,n ∼= W(gln) so limk→∞ Ck ∼= W(sln) and hence is of type
W(2, 3, . . . , n). Therefore Ck is generically of typeW(2, 3, . . . , n).
More generally, let g be any simple, finite-dimensional, simply laced Lie algebra. The
action of g on L1(g) integrates to an action of a connected Lie group G with Lie alge-
bra g, and it is known that L1(g)
G is isomorphic to the W-algebra W(g) associated to
the principal embedding of sl2 in g, with central charge c = rank(g) [BBSSI, BS, F].
Let Ak = V k−1(g) ⊗ L1(g), equipped with the diagonal embedding V k(g) → Ak. Then
Ck = Com(V k(g),Ak) satisfies
lim
k→∞
Ck ∼= L1(g)G.
It follows that Ck has strong generators in the same weights asW(g) for generic values of
k. However, the much stronger statement that Ck is isomorphic toW(g) for generic values
of k has now been established in [ACL].
Example 7.14. Let g = son and let Ak = V k−1(son) ⊗ L1(son). We have a projection
V 1(son) → L1(son), and a diagonal map V k(son) → Ak. In this case we are interested
not in Ck = Com(V k(son),Ak) but in the orbifold (Ck)Z/2Z. Note that Z/2Z acts on each of
the vertex algebras V k(son), V
k−1(son) and L1(son); the action is defined on generators by
multiplication by −1. There is an induced action of Z/2Z on Ck. We have isomorphisms
lim
k→∞
((Ck)Z/2Z) ∼= lim
k→∞
(Ck)Z/2Z ∼= (L1(son)SO(n))Z/2Z ∼= L1(son)O(n) ∼= F(n)O(n).
This appears as Theorems 14.2 and 14.3 of [KWY] in the cases where n is even and odd,
respectively; in both cases, L1(son)
SO(n) decomposes as the direct sum of F(n)O(n) and an
irreducible, highest-weight F(n)O(n)-module. SinceF(n)O(n) is of typeW(2, 4, . . . , 2n), the
following result, which was conjectured in Table 7 of [B-H], is an immediate consequence.
Corollary 7.15. limk→∞(Ck)Z/2Z is of typeW(2, 4, . . . , 2n), so (Ck)Z/2Z is of typeW(2, 4, . . . , 2n)
for generic values of k.
Example 7.16. Let g = son and let Ak = V k−1(son+1) ⊗ F(n). Recall that we have a map
V 1(son) → F(n), so we have a diagonal map V k(son) → Ak. As above, there is an action
of Z/2Z acts on each of the vertex algebras V k(son), V
k−1(son+1) and F(n), and therefore
on Ck, and we are interested in the orbifold (Ck)Z/2Z. We have C∞ = (H(n) ⊗ F(n))SO(n),
and (C∞)Z/2Z = (H(n)⊗ F(n))O(n).
Lemma 7.17. (H(n)⊗F(n))O(n) has the following minimal strong generating set.
w2k+1 =
n∑
i=1
: φi∂2k+1φi :, j2k =
n∑
i=1
: αi∂2kαi :, 0 ≤ k ≤ n− 1,
µk =
n∑
i=1
: αi∂kφi :, 0 ≤ k ≤ 2n− 1.
In particular, (H(n) ⊗ F(n))O(n) has even generators in weights 2, 2, 4, 4, . . . , 2n, 2n and odd
generators in weights 3
2
, 5
2
, . . . , 4n+1
2
.
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The proof is the same as the proof of Lemma 7.6, and it implies that (Ck)Z/2Z has strong
generators in the same weights for generic values of k. Moreover, (H(n) ⊗ F(n))O(n) has
anN = 1 superconformal structure with generators L = −w0+ 1
2
j0 and µ0, which deforms
to an N = 1 structure on (Ck)Z/2Z.
Example 7.18. Let g be a simple, finite-dimensional Lie algebra of rank d with Cartan
subalgebra h. For a positive integer k, the parafermion algebra Nk(g) is defined to be
Com(H(d), Lk(g)), where H(d) is the Heisenberg algebra corresponding to h and Lk(g)
is the irreducible affine vertex algebra at level k. The coset Ck(g) = Com(H(d), V k(g)) is
defined for all k ∈ C, and for a positive integer k,Nk(g) is the irreducible quotient of Ck(g)
by its maximal proper ideal. In the case g = sl2, it follows from Theorems 2.1 and 3.1 of
[DLWY] that Ck(sl2) is of type W(2, 3, 4, 5) for all k 6= 0. This was used to establish the
C2-cofiniteness of Nk(sl2) for positive integer values of k, and plays an important role in
the structure of Nk(g) for a general simple g [ALY].
For any simple g of rank d, a choice of simple roots give rise to d copies of sl2 inside g
which generate g. We have corresponding embeddings ofW(2, 3, 4, 5) into Ck(g), whose
images generate Ck(g) [DWI]. However, these do not strongly generate Ck(g). Corollary
6.12 implies that Ck(g) is strongly finitely generated for generic values of k for any simple
g. We shall construct a minimal strong generating set for Ck(sl3) consisting of 30 elements.
We work in the usual basis for sl3 consisting of {ξij| i 6= j} together with {ξii − ξi+1,i+1}
for i = 1, 2. We have limk→∞ V k(sl3) ∼= H(2) ⊗ A˜ where A˜ ∼= H(6) with generators
α12, α23, α13, α21, α32, α31. After suitably rescaling, these generators satisfy
α12(z)α21(w) ∼ (z − w)−2, α23(z)α32(w) ∼ (z − w)−2, α13(z)α31(w) ∼ (z − w)−2.
Note that H(6) carries an action of G = C∗ × C∗ which is infinitesimally generated by the
action of h.
Lemma 7.19. H(6)G is of typeW(23, 35, 47, 59, 64, 72). In other words, a minimal strong gener-
ating set consists of 3 fields in weight 2, 5 fields in weight 3, 7 fields in weight 4, 9 fields in weight
5, 4 fields in weight 6, and 2 fields in weight 7.
Proof. By classical invariant theory, H(6)G has a strong generating set consisting of the
normally ordered monomials
q12i,j = : ∂
iα12∂jα21 :, q13i,j = : ∂
iα13∂jα31 :, q23i,j = : ∂
iα23∂jα32 :, i, j ≥ 0,
ci,j,k = : ∂
iα12∂jα23∂kα31 :, c′i,j,k = : ∂
iα21∂jα32∂kα13 :, i, j, k ≥ 0.(7.4)
Not all of these generators are necessary. In fact, {q120,i| 0 ≤ i ≤ 3}, {q230,i| 0 ≤ i ≤ 3},
and {q130,i| 0 ≤ i ≤ 3} generate three commuting copies of W(2, 3, 4, 5), and all the above
quadratics lie in one of these copies. Similarly, we need at most {ci,j,k, c′i,j,k| i, j, k ≤ 2}.
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This follows from the decoupling relations
: q120,0ci,j,k : − : q12i,0c0,j,k : = −
i
2i+ 4
ci+2,j,k, i ≥ 1, j, k ≥ 0,
: q230,0ci,j,k : − : q23j,0ci,0,k : = −
j
2j + 4
ci,j+2,k, j ≥ 1, i, k ≥ 0,
: q310,0ci,j,k : − : q31i,0ci,j,0 : = −
k
2k + 4
ci,j,k+2, k ≥ 1, i, j ≥ 0,
: q210,0c
′
i,j,k : − : q21i,0c′0,j,k : = −
i
2i+ 4
c′i+2,j,k, i ≥ 1, j, k ≥ 0,
: q320,0c
′
i,j,k : − : q32j,0c′i,0,k : = −
j
2j + 4
c′i,j+2,k, j ≥ 1, i, k ≥ 0,
: q130,0c
′
i,j,k : − : q13i,0c′i,j,0 : = −
k
2k + 4
c′i,j,k+2, k ≥ 1, i, j ≥ 0.
(7.5)
There are some relations among the above cubics and their derivatives, such as ∂c0,0,0 =
c1,0,0 + c0,1,0 + c0,0,1. It is not difficult to check that a minimal strong generating set for
H(6)G consists of
{q120,i, q230,i, q130,i| 0 ≤ i ≤ 3} ∪ {c0,j,k, c′0,j,k| 0 ≤ j, k ≤ 2}.
In particular, H(6)G is of typeW(23, 35, 47, 59, 64, 72). 
Corollary 7.20. For generic values of k, Ck(sl3) is also of typeW(23, 35, 47, 59, 64, 72).
A similar procedure will yield minimal strong generating sets for Ck(g) for any simple
gwhen k is generic.
8. COSETS OF SIMPLE AFFINE VERTEX ALGEBRAS INSIDE LARGER STRUCTURES
Let Ak be a vertex algebra depending on a parameter k with a weight grading by Z≥0,
such that all weight spaces are finite-dimensional. Let g be simple and assume that Ak
admits an injective map V k(g) → Ak, and let Ck = Com(V k(g),Ak) as before. Suppose
that k is a parameter value for which Ak is not simple. Let I be the maximal proper ideal
of Ak graded by conformal weight, so that Ak = Ak/I is simple. Let J denote the kernel
of the map V k(g)→ Ak, and suppose that J is maximal so that V k(g)/J = Lk(g). Let
Ck = Com(Lk(g),Ak)
denote the corresponding coset. There is always a vertex algebra homomorphism
pik : Ck → Ck,
but in general this map need not be surjective. Of particular interest is the case where k
is a positive integer and Ak is C2-cofinite and rational. It is then expected that Ck will also
be C2-cofinite and rational. In order to apply our results on Ck to the structure of Ck, we
need to determine when pik is surjective, so that a strong generating set for Ck descends to
a strong generating set for Ck.
Theorem 8.1. Suppose that
√
k /∈ K, k + h∨ is a positive real number, and all zero modes of the
currents of the Cartan subalgebra h ⊆ g in V k(g) act semisimply on Ak. Then pik : Ck → Ck is
surjective.
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Proof. First, Ak decomposes into a direct sum of indecomposable V k(g) ⊗ Ck modules,
and this sum is bigraded by the conformal weights of the two conformal vectors. Each
bigraded subspace is finite-dimensional since the two conformal weights add up to the
total one, and that weight space is finite-dimensional.
Thus every such indecomposable V k(g)-module M appearing in Ak must have finite-
dimensional lowest weight subspace. Since the zero modes of the Heisenberg subalgebra
corresponding to h act semisimply,M must be a subquotient of a finite direct sum ofWeyl
modules, each of which is induced from an irreducible, finite-dimensional g-module with
highest weight Λ. The conformal dimension of such a module is given by
(Λ + ρ|Λ)
2(k + h∨)
and hence the vacuum module has lowest possible conformal dimension. It follows that
Ck = KerAk(Lg0) and Ck = KerAk(Lg0). By Corollary 6.4, Lg0 acts semisimply on the gen-
eralized Lg0-eigenspace of eigenvalue zero in Ak. It follows that KerAk(Lg0) surjects onto
KerAk(L
g
0). 
This theorem applies in particular to the case where g is simple and simply laced, and
Ak = V k−1(g) ⊗ L1(g). Recall that in this case a level k is called admissible provided it
is rational and k + h∨ ≥ h∨
u
for a positive integer u coprime to the dual Coxeter number
h∨. In this case the simple affine vertex algebra Lk+1(g) is a subalgebra of Lk(g) ⊗ L1(g)
[KWIII]. We thus obtain the following result, which was used in the coset realization of
simpleW-algebras at admissible levels [ACL].
Corollary 8.2. Let g be simple and simply laced, and Ak+1 = V k(g)⊗ L1(g), and let k be an ad-
missible level for g. Let Ck+1 = Com(V k+1(g), V k(g)⊗L1(g)) and Ck+1 = Com(Lk+1(g), Lk(g)⊗
L1(g)). Then the map pik+1 : Ck+1 → Ck+1 is surjective.
Remark 8.3. If V k(g) is replaced by V k(g, B) where g is semisimple and B is a sum of positive
scalar multiples of the normalized Killing forms of the simple summands, a similar statement to
Theorem 8.1 follows by induction on the number of simple summands. Furthermore, this can be
generalized to the case where g is reductive since the analogous theorem for cosets of Heisenberg
algebras is also straightforward.
The case of Com(V k(sp2), V
k(osp(1|2))). Fix even generators H,X± and odd generators
φ± for V k(osp(1|2))), satisfying
H(z)X±(w) ∼ ±X±(w)(z − w)−1, H(z)H(w) ∼ k
2
(z − w)−2,
X+(z)X−(w) ∼ k(z − w)−2 + 2H(w)(z − w)−1,
H(x)φ±(w) ∼ ±1
2
φ±(z − w)−1, X±(z)φ∓(w) ∼ −φ±(w)(z − w)−1,
φ±(z)φ±(w) ∼ ±1
2
X±(w)(z − w)−1, φ+(z)φ−(w) ∼ k
2
(z − w)−2 + 1
2
H(w)(z − w)−1.
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Let Ck = Com(V k(sp2), V k(osp(1|2))), where V k(sp2) is generated by H,X±. As in Ex-
ample 3.1, we may take K = {0}. By Corollary 7.4, for generic values of k, Ck is isomor-
phic to the Virasoro vertex algebra with c = − k(4k+5)
(k+2)(2k+3)
. The generator is
L = − 4
2k + 3
: φ+φ− : +
1
(k + 2)(2k + 3)
(
: X+X− : + : HH :
)
+
1 + k
(k + 2)(2k + 3)
∂H.
Note that the pole at k = −3
2
is removable. If we rescale L by a factor of 2k + 3 and set
k = −3
2
, the generator is well-defined but no longer satisfies the Virasoro OPE relation.
By Corollary 6.7, for all nonzero real numbers k > −2, Ck coincides with the universal
coset C (regarded as a vertex algebra over FK), specialized to κ =
√
k. Therefore, for
all such values except for k = −3
2
, Ck is the universal Virasoro vertex algebra with c =
− k(4k+5)
(k+2)(2k+3)
. Note that for k a positive integer, the map V k(sp2)→ V k(osp(1|2))) descends
to a map of simple vertex algebras Lk(sp2) → Lk(osp(1|2))), since the singular vector of
V k(sp2) is clearly also null in V
k(osp(1|2))). Suppose that the level is admissible, that is
k = −3
2
+ p
2p′
with p > 1 and p′ coprime odd integers. Then a character computation [CFK,
Lemma 2.1] (see also [KWI]) reveals that the map V k(sp2)→ V k(osp(1|2))) again descends
to a map of simple vertex algebras Lk(sp2)→ Lk(osp(1|2))).
As above, let Ck = Com(Lk(sp2), Lk(osp(1|2))). By Theorem 8.1, the map pik : Ck → Ck is
surjective and by the same argument as Corollary 2.2 of [ACKL] for admissible levels, Ck
is simple. We obtain
Theorem 8.4. For all admissible levels k, that is k = −3
2
+ p
2p′
, p > 1 and p′ coprime odd
integers, Ck = Com(Lk(sp2), Lk(osp(1|2))) is isomorphic to the rational Virasoro vertex algebra
with central charge
c = − k(4k + 5)
(k + 2)(2k + 3)
= 1− 6(p− v)
2
pv
,
with v = p+p
′
2
.
Rational N = 2 superconformal algebras. We give a new proof of the C2-cofiniteness
and rationality of the simple N = 2 superconformal algebra with central charge c = 3k
k+2
when k is a positive integer. Our argument makes use of a coset realization that has been
known for many years [DPYZ], and is the case n = 1 of Example 7.11. The rationality and
regularity of these algebras was first established by Adamovic in [AII]. First, for k ∈ C,
consider the tensor product V k(sl2)⊗ E , where V k(sl2) has generators H,X± satisfying
H(z)X±(w) ∼ ±X±(w)(z − w)−1, H(z)H(w) ∼ k
2
(z − w)−2,
X+(z)X−(w) ∼ k(z − w)−2 + 2H(w)(z − w)−1,
and E is the bc-system with odd generators b, c satisfying
b(z)b(w) ∼ 0, c(z)c(w) ∼ 0, b(z)c(w) ∼ (z − w)−1.
Let H ⊆ V k(sl2)⊗ E denote the Heisenberg algebra with generator J = H− : bc :. The
zero mode J0 integrates to aU(1) action on V
k(sl2)⊗E , andwe consider the U(1)-invariant
algebra (V k(sl2)⊗E)U(1), which is easily seen to have the following strong generating set:
(8.1) : ∂iX+∂jX− :, : ∂iX+∂jb :, : ∂iX−∂jc :, : ∂ib∂jc : i, j ≥ 0.
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Note that
(8.2) : ∂iX+X− :, : ∂iX+b :, : ∂iX−c :, : ∂ibc : i ≥ 0,
is also a strong generating set for (V k(sl2)⊗E)U(1), since the span of (8.2) and their deriva-
tives coincides with the span on (8.1).
Lemma 8.5. For all k ∈ C, (V k(sl2)⊗ E)U(1) has a minimal strong generating set
{H, : X+X− :, : bc :, : X+b :, : X−c :}.
Proof. This is immediate from the following relations that exist for all i ≥ 0.
: (: ∂iX+b :)(: X−c :) : =
(−1)i 2
i+ 1
: H(∂i+1b)c : + : (∂iX+)X−bc : + : (∂i+1X+)X− : − k
i+ 2
: (∂i+2b)c :,
: (: ∂iX+b :)(: bc :) = − : ∂i+1X+b :,
: (: ∂iX−c :)(: bc :) = : ∂i+1X−c :,
: (: ∂ibc :)(: bc :) : = −i+ 2
i+ 1
: (∂i+1b)c : +∂ω,
where ω is a linear combination of elements of the form ∂i−r : (∂rb)c : for r = 0, 1, . . . , i. 
Next, we replace H and : bc : with J = H− : bc : and F = H + k
2
: bc :, respectively, and
we replace : X+X− : with
L =
1
k + 2
: X+X− : +
2
k + 2
: Hbc : − k
2(k + 2)
: b∂c : +
k
2(k + 2)
: (∂b)c : − 1
k + 2
∂H.
Clearly F, L, : X+b :, : X−c : commute with J , and L is a Virasoro element of central
charge c = 3k
k+2
, and F is primary weight one, others are primary weight 3
2
. Moreover,
they generate the N = 2 superconformal algebra. Since
(V k(sl2)⊗ E)U(1) = H⊗ Com(H, V k(sl2)⊗ E),
we obtain
Lemma 8.6. For all k 6= −2, Ck = Com(H, V k(sl2)⊗ E) has a minimal strong generating set
{F, L, : X+b :, : X−c :},
and is isomorphic to the universal N = 2 superconformal vertex algebra with c = 3k
k+2
.
Next, for k a positive integer, we consider the tensor product Lk(sl2) ⊗ E . By abuse of
notation, we denote the generators by H,X±, b, c, as above. Recall that Lk(sl2) ⊗ E is the
simple quotient of V k(sl2)⊗E by the ideal Ik generated by (X+)k+1. Let Lk = Ck/(Ik∩Ck).
Lemma 8.7. Lk = Com(H, Lk(sl2) ⊗ E) where H is the Heisenberg algebra generated by J =
H− : bc :. In particular, Lk is simple.
Proof. This is immediate from the fact that V k(sl2) ⊗ E is completely reducible as an H-
module, and Ik is anH-submodule of V k(sl2)⊗ E . 
It is well known [DPYZ] that the simpleN = 2 superconformal algebra has a realization
inside Com(H, Lk(sl2) ⊗ E) with generators {F, L, : X+b :, : X−c :}, which are just the
images of the generators of Ck. An immediate consequence of Lemmas 8.6 and 8.7 is that
this N = 2 algebra is the full commutant.
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Corollary 8.8. For k = 1, 2, 3, . . . , Lk is isomorphic to the simpleN = 2 superconformal algebra
with central charge c = 3k
k+2
.
It is well known that Lk(sl2) contains a copy of the lattice vertex algebra V√2kZ with
generators {H, : (X±)k :}. Moreover,
Com(Com(〈H〉, Lk(sl2))) = V√2kZ,
where 〈H〉 denotes the Heisenberg algebra generated by H . In particular, V√2kZ and the
parafermion algebra Nk(sl2) form a Howe pair (i.e., a pair of mutual commutants) in-
side Lk(sl2), and Lk is an extension of V√k(k+2)Z ⊗ Nk(sl2). Both V√k(k+2)Z and Nk(sl2)
are rational, and the discriminant Z/
√
k(k + 2)Z of the lattice
√
k(k + 2)Z acts on Lk as
automorphism subgroup. The orbifold is V√
k(k+2)Z
⊗ Nk(sl2) and as a module for the
orbifold
Lk =
2k−1⊕
t=0
Mt,
where each Mt is a simple V√k(k+2)Z ⊗ Nk(sl2)-module [DM]. Each Mt is in fact also C1-
cofinite as the orbifold is C2-cofinite, hence Proposition 20 of [MiI] implies it is a simple
current. We thus have a simple current extension of a rational, C2-cofinite vertex algebra
of CFT-type and hence by [Y] the extension Lk is also C2-cofinite and rational. This pro-
vides an alternative proof of Adamovic’s theorem that the simple N = 2 superconfomal
algebra with central charge c = 3k
k+2
for k = 1, 2, 3, . . . , is C2-cofinite and rational.
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ŝl2
(1, 0)⊗n, Adv. Math.
301 (2016), 227-257.
[JLII] C. Jiang and Z. Lin, Tensor decomposition, parafermions, level-rank duaity, and reciprocity law for vertex
operator algebras, arXiv:1406.4191.
[KI] V. Kac, Vertex Algebras for Beginners, University Lecture Series, Vol. 10. American Math. Soc., 1998.
[KP] V. Kac and D. Peterson, Spin and wedge representations of infinite-dimensional Lie algebras and groups,
Proc. Natl. Acad. Sci. USA 78 (1981), 3308-3312.
[KR] V. Kac and A. Radul, Representation theory of the vertex algebra W1+∞, Transform. Groups, Vol. 1
(1996) 41-70.
[KRW] V. Kac, S. Roan, andM.Wakimoto,Quantum reduction for affine superalgebras, Commun. Math. Phys.
241 (2003), no. 2-3, 307-342.
[KWI] V. Kac and M.Wakimoto. Modular Invariant Representations of Infinite-Dimensional Lie Algebras
and Superalgebras. Proc. Nat. Acad. Sci. USA, 85:4956-4960, 1988.
[KWII] V. Kac andM.Wakimoto, Classification of modular invariant representations of affine algebras, In Infinite-
dimensional Lie algebras and groups (Luminy-Marseille, 1988), volume 7 of Adv. Ser. Math. Phys.,
pages 138-177. World Sci. Publ., Teaneck, NJ, 1989.
[KWIII] V. Kac and M. Wakimoto, Branching functions for winding subalgebras and tensor products, Acta Ap-
plicandae Mathematicae 21, 3–39, 1990.
[KWY] V. Kac, W.Wang, and C. Yan,Quasifinite representations of classical Lie subalgebras ofW1+∞, Advances
in Math. 139 (1998) no. 1, 56-140.
[KS] Y. Kazama and H. Suzuki,NewN = 2 Superconformal Field Theories and Superstring Compactification,
Nucl. Phys. B 321 (1989) 232.
[Ku] S. Kumar, Extension of the categoryOg and a vanishing theorem for the Ext functor for Kac-Moody
algebras. Journal of Algebra, 108(2), (1987) 472-491.
[LiI] H. Li, Local systems of vertex operators, vertex superalgebras and modules, J. Pure Appl. Algebra 109
(1996), no. 2, 143-195.
[LiII] H. Li, Vertex algebras and vertex Poisson algebras, Commun. Contemp. Math. 6 (2004) 61-110.
[LZ] B. Lian and G. Zuckerman, Commutative quantum operator algebras, J. Pure Appl. Algebra 100 (1995)
no. 1-3, 117-139.
[LL] B. Lian and A. Linshaw, Howe pairs in the theory of vertex algebras, J. Algebra 317, 111-152 (2007).
[LI] A. Linshaw, Invariant theory and theW1+∞ algebra with negative integral central charge, J. Eur. Math.
Soc. 13, no. 6 (2011) 1737-1768.
[LII] A. Linshaw, A Hilbert theorem for vertex algebras, Transform. Groups, Vol. 15, No. 2 (2010), 427-448.
[LIII] A. Linshaw, Invariant theory and the Heisenberg vertex algebra, Int. Math. Res. Notices, 17 (2012),
4014-4050.
[LIV] A. Linshaw, Invariant subalgebras of affine vertex algebras, Adv. Math. 234 (2013), 61-84.
[LV] A. Linshaw, The structure of the Kac-Wang-Yan algebra, Commun. Math. Phys. 345, No. 2, (2016),
545-585.
[M] G. Mason, Vertex rings and their Pierce bundles, Contemp. Math. 711, 45-104, Amer. Math. Soc., Prov-
idence, RI, 2018.
[MiI] M. Miyamoto, Flatness and Semi-Rigidity of Vertex Operator Algebras, arXiv:1104.4675.
[MiII] M. Miyamoto, C1-cofiniteness and fusion products for vertex operators algebras, Conformal Field The-
ories and Tensor Categories, Proceedings of a Workshop Held at Beijing International Center for
Mathematical Research, Mathematical Lectures from Peking University, 271-279, 2014.
[WaI] W. Wang, Duality in infinite-dimensional Fock representations, Commun. Contemp. Math. 1 (1999),
155-199.
[WaII] W. Wang, Dual pairs and infinite-dimensional Lie algebras, Contemp. Math. 248 (1999) 453-469.
[W] H. Weyl, The Classical Groups: Their Invariants and Representations, Princeton University Press, 1946.
[Y] H. Yamauchi, Module categories of simple current extensions of vertex operator algebras. J. Pure Appl.
Algebra 189 (2004), no. 1-3, 315-328.
35
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ALBERTA
E-mail address: creutzig@ualberta.ca
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF DENVER
E-mail address: andrew.linshaw@du.edu
36
